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INTRODUCTION

Study of the mortality behavior of physical property
emerged from the acceptance of the age-life relationship in
depreciation estimates. For more than 200 years, statistical
and actuarial methods have been used by insurance companies to
analyze human mortality. The application of such techniques
to determine service lives of physical property has become
standard practice in regulated and unregulated industry as
evidenced by a study made by the National Association of Rail-

road and Utility Commissioners (1943).
Depreciation Estimation

Depreciation calculations require estimates of the
probable average service life of the property group or the

probable average service life of the unit of property, and
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usH heé probable retirement disper-
sion pattern of a property group. Winfrey (1967, p. 12)
defined probable service life and probable average.service life
as:

The probable service life of an individual unit
is that period of time extending from its date
of installation to the forecasted date when it
will probkably be retired from service.

The probable average service life of a group of
individual units 1s the average of the probable
service lives of the units of the group.




Retirement dispersion pattern is determined from the distribu-
tion of the ages at retirement of the units comprising the
property group.

Various systems have been devised to categorize retirement
dispersions, but none has achieved the popularity of the Iowa
type curves. The family of Iowa type curves represents a
summary of studies of the survivor characteristics of many
types of industrial and utility properties. The purpose of
these studies was to generalize the attrition of units of
physical properties into curves representing expected trends.

Winfrey (1967) developed 18 type curve shapes which are
divided into three sets based on the position of the mode of
the retirement frequency curve with respect to the average
ser?ice life: six left modal, seven symmetrical, and five
right modal. Couch (1957) categorized three curves whose mode
is at or very near the origin and a straight line survivor
curve. All four of these curves were designated origin modal.
Subsequent research in industry has produced nine other type
curves by combining the retirement frequency curves of the
original Iowa type curves to form a new curve. There now
exist 31 Iowa type curves.

Over forty years have passed since the Iowa type curves
were compiled and published by Winfrey. In the past questions
have been raised among the utility industry as to whether the

Iowa type curves are still valid representations of mortality



characteristics. A study by Russo (1978) repeated the same
process of data collection and analysis performed by Winfrey.
The clustering patterns Russo developed from the data gathered

were found to be no better than the original Iowa type survivor

curves.

The collection of data and subsequent statistical analysis
are the fundamental tools for predicting service lives of
physical property and retirement dispersion patterns. Edison
Electric Institute (1952) cautions the depreciation analyst
that the plant installed today or in general use may bear
little or no resemblance to plant being retired or which has
been retired. Hence, there is another important component of
depreciation estimation which is described by Winfrey (1967,

p. 9):

While the author strongly recommends the
development and use of the retirement data and
and survivor curves as the basis of estimating
the probable life of property units, he does

not mean that the expert judgment should be

done away with in favor of pure statistical
treatment. Each individual item, each group

of items, and each property or company must be
dealt with in the light of its present condition,
its character and amount of service production,
and its relation to the present and probable
future economic trends, art of manufacture, and
management policies. Tables of probable service
lives, type survivor curves, and statistical
methods are simply means of recording past
experience to use in predicting what the future
service might be.




This investigation focuses on procedures used in life
analysis which is the investigation of past experience. Life
estimation seeks to predict future service lives based on
informed judgment part of which is based on knowledge of past
experience. The introduction of subjective factors which
enter into judgment decisions is not within the empirical

nature of this study.
Life Analysis

The techniques used in analyzing plant records to deter-
mine mortality characteristics from past experience can be
categorized according to the type of data required. Actuarial
data are data for which the property records contain the
installation date for each retirement and each survivor.
Mortality characteristics determined by actuarial methods are
based on relationships of aged retirements.

The other category of property one encounters is semi-
actuarial or unaged data. Semi-actuarial data contain records
of the amount of property installed in each year, the amount
of property retired each year, and the total plant balance or
total survivors at all ages, with no knowledge of the age of a
property unit at retirement. Semi-actuarial data is commonly
found among property records for many reasons: records may
have been started after the plant was installed; account

classifications might have been changed within the life span



of a property; property records may be nonexistent due to

acquisition, sale, or merger; and for some classes of property

it may be too difficult or too expensive to maintain complete

records.



PRESENT METHODS OF ANALYZING

SEMI-ACTUARIAL DATA

Semi-actuarial data are a severe handicap in specifying
both the retirement dispersion and probable average life of a
property. The techniques used in analyzing semi-actuarial data
are the turnover method of life analysis and the simulated
plant-record (SPR) method, both of which are described by

Edison Electric Institute (1952).
Turnover Method of Life Analysis

The turnover method of life analysis requires a tabulation
of the annual additions, retirements, and balances over a
period of years approximating the average service life or more.
The usual methods of handling the data are as follows:

1) Plot the cumulative retirements and the cumulative
gross additions by years from the beginning of the
account.

2) Accumulate annual retirements backwards from any

given date until their sum equals the balance in the
account at some earlier date. The period between the
two dates is the "turnover period."

3) Accumulate gross additions backwards from any given
date until their sum equals the balance in the account
at any given date. The period necessary for this

accumulation is the indicated "turnover period."



The turnover method of life analysis provides only an
indication of average service life and does not yield an
indication of retirement dispersion. Winfrey (1967, p. 35)
advises caution in using this method:

The average life determined will not be accurate
unless the property has been continued in use at
least one or two maximum life cycles, unless the
replacements have about the same potential life
expectancy as the retirements, and unless the
property is maintained at about a constant number
of service units. . . . For comparatively new
properties, growing properties, and properties
in which the potential lives of the units are
changing rapidly, the turnover method is not to
be recommended, or at least should not be used
without due correction for these conditions.

These difficulties coupled with the lack of a retirement
dispersion prompted the development of the simulated plant-

record method.

Simulated Plant-Record Method

o overcome the 1li
life analysis, the simulated plant-record method of life
analysis was introduced. The SPR method is the only procadure
which yields estimates of both the probable average service
life and retirement dispersion for semi-actuarial data.

To determine dispersion and average service life estimates
for semi-actuarial data, the simulated plant-record method
assumes a retirement distribution and average service life and

that each year's additions are retired according to that



pattern. If the property did indeed experience the assumed
retirement pattern, then the resulting balances from the
assumed retirement pattern would very nearly duplicate the
actual balances of the account. The problem is to find a
distribution which most nearly duplicates the actual plant
balances. The criterion most commonly used to select the
appropriate retirement distribution is to pick the one which
minimizes the sum of squares differences between actual and
simulated plant balances.

Hill (1922a,b) developed the basic principle of the SPR
method more than 50 years ago as a procedure to analyze life
experience of various classes of telephone plant. Hill's
method provides solutions for average service life or disper-
sion when the other of these two parameters is known. It is
indeterminant when solving for both parameters. Subsequent
research has provided for simultaneous solutions of both
parameters.

Basically, the SPR method is a trial and error procedure
which attempts to duplicate the annual balances (or cumulative
retirements) of a plant account by distributing the annual

gross additions over time according to some assumed mortality

+

distribution. Specifically, the dollars {or units) surviving
at any date are estimated by multiplying each year's additions
by the successive proportion surviving at each age obtained

from the assumed mortality distribution. For a given year,



the accumulation of survivors from each vintage estimates the
actual plant balances for that year. This procedure is
reiterated for different mortality distributions until a
distribution is chosen that produces a set of simulated
balances which most closely duplicates the actual balances.
Most depreciation analysts use the criterion of producing a
minimum sum of squares differences between the actual and
simulated balances.

Bauhan (1947, 1948) developed the above procedure
more than 30 years ago, and this method is the most widely
used for analyzing semiactuarial data today. To aid in
evaluating the selection of a representative distribution,
Bauhan proposed the conformance index and the retirements
experience index. The conformance index was devised tc indi-
cate the goodness of fit in relation to the size of the
account and is defined as follows:

Average of Actual Balances in
Comparison Years

Conformance index =
Sum of squares differences between|l
actual versus simulated balances (2
in comparison years % number of
comparison years
Bauhan devised an arbitrary scale of comparison graded as:
excellent for ratios over 75; good for ratios between 75 and

50; fair for ratios between 50 and 25; and poor for ratios

between 25 and 0. The lack of empirical substantiation for
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this scale makes the application of the conformance index of
doubtful validity.

Bauhan was concerned that the conformance index might
be very high where there is little experience with the
account. To correct this problem, he devised the retirements
experience index which indicates the amount of experience
with the account. This index is equal to the percentage of
accumulated retirements of the first year's additions at that
age representing the age of the account. The retirements ex-
perience index is graded on an arbitrary scale as follows:
excellent for indexes over 75%; good for indexes between 75%
and 50%; fair for indexes between 50% and 33%; poor for in-
dexes between 33% and 17%; and valueless for indexes below
17%. Like the conformance index, the retirements experience
index is an arbitrary measure with no empirical substantia-
tion.

Another proposed criterion was devised by White and
Cowles (1972). The index of variation is defined as:

Sum of squared differences %

- from actual balances
Number of test years

Index of variation = 1000

Average actual balance

The smaller the index of variation the better would be the
fit of the simulated balances to actual balance. This index

of variation is equal to the reciprocal of the conformance
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index times 1,000. No scale to judge the quality of fit has
yet been devised for the index of variation.

Variations of the simulated-plant record method have
been developed by Whiton (1947) and Garland (1967). Whiton
proposed the comparison of indicated retirements in place of
the balances. At any date, cumulative retirements may be
computed as the sum of the gross additions less the balance
at that date. Both this indicated retirements approach and
the balances method will select the same distribution because
the magnitude of sum of squares deviations is the same for
both methods. Whiton indicates the advantage of the indi-
cated retirements approach is that for a given year the ratio
of the sum of squares deviation to the cumulative retirements
is greater than the ratio of the deviation to the plant bal-
ance. This, in turn, magnifies the deviation and gives a
better indication of the goodness of fit.
pproached the use of the retirements instead
of balances in the period retirements method. This method
compares actual versus simulated retirements occurring in a
given time period. Specifically, the retirements occurring
in a given year are computed as the difference between the
beginning and ending balances plus the additions for that
year. The advantage of this method according to Garland is
that mortality characteristics being experienced in a recent
time period are highly indicative of future retirement

activity.
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In the above methods, there are two underlying assump-
tions common to all these approaches. The first assumption
is that the mortality experience of a given vintage is inde-
pendent of the mortality experience of all other vintages.

In other words, the occurrence of retirements from one vintage
in no way affects the occurrence of retirements from any other
vintage. Secondly, it is assumed that each vintage is a sam-
ple from the homogeneous population and is, hence, retired
according to the same mortality distribution. Imposing these
assumptions causes the SPR method to fail to detect shifts in
dispersion and/or average service life between vintages.

R. E. White (1968) statistically modeled the SPR balances
method and derived a test procedure in an attempt to eliminate
the subjective judgment one finds in the arbitrary scales of
the conformance index and retirements experience index. His
method was applied by Rose (1972) and Rippe (1969) to real
world data with little success. The chi-square statistic used

was found to reject all but the most regular accounts.
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A STATISTICAL MODEL OF THE SIMULATED

PLANT RECORD BALANCES METHOD

The following statistical theory was developed by White

(1968) to describe the SPR balances method.
Derivation of Survivor Curve

Let K be a discrete random variable representing the life
of a unit of property where K = {1, 2, ..., m} and m is the
finite maximum life. The probability density function (PDF)

of K is the probability that the unit of property is retired

at age k or

f(k) = P(K = k) = T . (1)

The cumulative distribution function (CDF) of K is the

probability that the unit of property is retired before age

k+1 or
f(k) = P(K <k) = I £(y) . - (2)
y=1
A survivor curve of K may be defined as the probability
that the unit of property survives through age k or

6G =1

D
[}

P(K>k) =1 - £(y) = I £(y) (3)



m+l
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Derivation of the Balances Method Model

To relate the survivor curve notation derived above to

the balances

method of the SPR, the following symbols are de-

fined below to represent property account activity:

. T =

ik =

2
(/]
]

Z
@
i

A
=
1]

a set of points in time with the same units of
measure as K, where T = (0, 1, 2, ...).

points in time where j, keT.

the number of units installed as a group at time
j.

the proportion of units installed at time j that
are surviving at time k.

the proportion of units installed at time j that
are retired at time k.

the number of units installed at time j that are
surviving at time k.

the number of units installed at time j expected

to be surviving at time k, where ejk = ek_j.

= number of units installed at time j that are

retired at time k.
number of units installed at time j that are ex-

pected to be retired at time k, where 7. = Ty
N.

total plant in service at time k or 3
1

j

LIRS

sjk
where j < k.
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Dk = total plant which has been retired from time k-1
k
to k= T N.p.,-
j=1 JPJk

As shown in Figure 1, the retirements for a given prop-
erty account are a composite of retirements from prior vin-
tages, each vintage successively displaced by one unit of
time. In general, Dk is equal to the sum of Nlpl,k' szZ,k'
ooy Nkpk K* The total plant in service at any time, By, is

r
equal to the sum of the additions through time k less the re-

tirements through time k, or

i<k . (4)

I
W o
=
n

Using the above relationships, the expectation of any

balance or any retirement may be obtained.

k k
E (D = E Z N.P. ) = T N.T. 5
( k) (j=1 JPJk is1 3"3k (5)
k k
e = E(B) = E( jIy Ni®x ) =52 N0 (6)

Thus, while the random variable Bk denotes the actual
book balance appearing in a property account, the expected
value of By which is egual to i denctes a simulated balance

generated by the SPR balances method.



1901 Nl
1902 N2
1903 N3
1930 N30
Figure 1.

16

1901 1902 1903 1930
P1,1 Py,2 Py, 3 . P1,30
Pz.,1 P3,2 . Py, 29
P31 .. P3 28
P30,1

D, D, D, .. D3,

Example of property account notation relating
additions and retirements
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The Nj units retired at time j may be viewed as N, inde-
pendent trials where each trial can have one of several out-
comes. The outcome of a particular unit or trial from N. may
be retirement at age 1, or at age 2, ..., or at age m. Thus
the number retired at time k from the units installed at time
J (ijjk) may be described as a multinomial random variable.
This distributional assumption coupled with the assumption
that each vintage is subject to the same law of mortality en-
ables derivations of variance and covariance structures for

the retirements and the balances:

k
var(Dk) = var( 'El ijjk)
J_.
k
= I var(N.p.,)
j=1 373k
k
= I N ,_:7.(1 - m.) (7)
=1 k+l-3 3 j
k k
cov(D, D .)—cov( I N.p.,, £ N.p. )
k "k j=1 j¥ ik j=1 1 ik
k
= L Np1oiTiMer ke (8)
i=1l
k k
var (B, ) =vm( I N, - I D.)
k i=1 * i=1 1t
k \
= var( b Di )
i=1l
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k kK ok
= L wvar D, + 2 I I cov(D,,D.)
i=1 * i=1 j=i+l 3
K i i
= 5 M2 jo1 ) { o " ) )
k K
cov(Bk Bk,) = cov iil (Ni - Di)’ jil (Nj - Dj)
k i i+k'~k
=DMy (jil wj)< 1 - jil nj) (10)

Since the values for the additions are large (usually in

dollar wvalues) the ijjk's can be assumed to be normally

distributed. Since each placement is independent of the
others and the sum of independent normally distributed, then

each balance B, is normally distributed.

k

Using these assumptions, a mean vector and variance co-

variance matrix are given below

B = B. v=0
B, My
=Y Mk

L =E[(B-u'(B -yl
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= var B1 cov(Bl,Bz) e cov(Bl,Bk)

cov(Bl,Bz) var B

Lcov (Bl,Bk) var Bk |

The vector of balances B has a multivariate normal dis-
tribution with mean u and variance-covariance matrix I. Fur-
thermore the quadratic form z = (B - H)E—l(g - u)' is a XZ
variate with k degrees of freedom. Hence the null hypothesis
that B did in fact come from a multivariate normal distribu-
tion with mean p and covariance matrix I may be tested by

calculating the x2 statistic z.

White and Cowles (1970, p. 1207) formulated the null
hypothesis to be tested in the following manner:

The actual balances came from the parent popula-
tion described by the distribution of simulated
balances. Clearlv, if it can be established
with some level of certainty that the book bal-
ances did come from the same population as

those of the simulated balances, then the mor-
tality distribution used to derive the simulated
balances can be accepted with the same level of
certainty to be descriptive of the mortality
characteristics of the account.

White (1968) met with limited success in attempts to apply
the chi-~square statistic to real and simulated data. For all
but the most regular accounts, the chi-square statistic was
too powerful and rejected the dispersion which produced the

minimum sum of squares differences between actual and
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simulated balances. These difficulties prompted an investiga-

tion of tolerance regions.
Tolerance Regions

Chew (1966) defines a tolerance region as a region R
which can be constructed such that the probability is y that
R contains at least (100P)% of the individuals in the popula-
tion or such that the average or expected value of the propor-
tion of the population contained in R is exactly (100P)%.
This construction of a tolerance region is equivalent to
finding a test function for the hypothesis testing problem.
The tolerance region may take on different shapes. Two are
examined in this research: the ellipsoidal shape and the
rectangular parallelepiped shape.

By comparing results given by Chew (1966) and Fraser and
Guttman (1956), is is evident that the chi-square statistic
derived in the previous section is equivalent to the test of

hypothesis given by the ellipsoidal shape. The rectangular

parallelepiped shape is given below as derived by Chew

(1966) . Let

P = the proportion of the population in the tolerance
region.
P = the number of comparison years or the number of

dimensions in the population.

z(a) upper 1000 percent point of the standard normal

distribution.
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To form a rectangular parallelepiped region, the vari-
ance-covariance matrix for the balances must be diagonal, so
a vector y must be found such that y = AB and Zy = A Ig A'is
diagonal. Since ZB is a real symmetric matrix, A will be the
matrix of eigenvectors of EB’ and the nonzero elements of I
will be the eigenvalues of ZB. Thus the My and o4 values in
formula (1l1) pertain to y. The tolerance region formula for

a reétangular parallelepiped region is:

Priuy - Z(%-%Pl/p)ciiyif— by +z (3 -3 V%) 0y

- pl/P

i=1,2, ... p (11)

Because the y's are uncorrelated, the probability that
all p statements are true is P. By varying the values for P,
it was hoped that the rectangular paralleiepiped region would
be less powerful than the chi-square statistic and allow

acceptance of more accounts.
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OBJECTIVES

The simulated plant record method has been the subject

of great controversy in its application and analysis. The

statistical model developed by White (1968) was an attempt

to have a basis of comparison which was empirical in nature

rather than subjective such as the conformance index or

retirements experience index. To gain further understanding

of statistically modeling the SPR method, this investigation

has been undertaken.

The specific objectives of this study are as follows:

1.

To examine the normality assumptions which underlie
the statistical theory of the SPR method.

To determine the effect the shape of the tolerance
regions used has on conclusions reached.

To examine modifications in statistical theory when
the data are dependent on what occurred in previous
years.

To develop a procedure by which data-dependent cases
can be examined using independence assumptions.

To determine the effectiveness of the balances
method in estimating the correct dispersion and
service life.

To develop computer programs which aid in imple-

mentation of the objectives above.



23

This study is restricted to examination of the balances
method. Since the balances method is the most popular
approach used by depreciation analysts and it can be repre-
sented in a statistical manner, scrutiny will be given to

this approach.
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MONTE CARLO STUDY WITH CONSTANT ADDITIONS

In evaluating the effectiveness of a particular technique
or methodology, the results must be compared against an
acceptable standard. Real data are affected by many inputs
only a few of which can be isolated. The importance of the
inputs is usually impossible to ascertain. These inputs and
their relative importance will vary with time as unforseen
forces act upon them, making it impossible to observe the
effect of any single factor held constant over time. The
introduction of inflation into the analysis, for example,
would cause accounts whose units are expressed in dollar
values to have units of varying value, introducing even more
complexity into the situation.

To aid in controlling the inputs of an account, a
Monte Carlo study was undertaken to determine if the normality
assumption of the balances upon which the statistical develop-
ment rests is valid and what effects, if any, are involved
when the shape of the tolerance region is changed. In gener-
ating the samples for the Monte Carlo study, the PGM program

documented by Erbe (1971) was used.
Description of PGM Computer Program

The PGM is capable of simulating the life of a property

account over a period of years. This program provides the
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option of either an expected value or a random value simula-
tion. In the expected value simulation, the age frequency
distribution of simulated retirements from each vintage will
conform exactly to the smooth retirement frequency curve of
the specified population. In the random value, an age fre-
quency distribution will be produced that deviates about the
expected values of a smooth retirement frequency curve.

Input variables include an average price per unit
installed and a variable range above and below the average
price. In simulating the retirement experience of an aécount,
the initial placement and a desired growth rate are specified.
The annual placement in succedding years is computed to
maintain a specific growth in the plant balance. For each
simulation year, the effective growth rate is sampled from a
normal distribution with a mean of the specified growth rate
and a standard deviation of 10% of the stated mean.

The decision rule used by the PGM to determine the annual
placement in succeeding years is intricate. Given the
initial placement, all the units placed are retired through
age m, where m is the maximum age. In the second year, the
placement is equal to the price per unit times the units that
will retire in the second year from the initial placement
divided by the percent surviving at the end of the first year
taken from the assumed mortality distribution. Then all those

units placed at the beginning of the second year are retired
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through age m. To determine the third year's placements, the
price per unit is multiplied by the units which will be
retired during the third year divided by the percent surviving
at the end of the first year taken from the assumed retirement
distribution. The units which will retire in the third year
used in the above computation are made up of retirements from
placements in years one and two. In general, the placement

in year X is equal to the price per unit times the units
which are computed to retire in year X divided by the percent
surviving at the end of the first year. This decision rule
has implications which will be discussed in connection with

a data-dependent Monte Carlo study.

For the special case where a constant number of additions
is added each year, there is a special option register which
overrides the computation of additions to meet a specific
balances but computes retirements as before. There is also
an inflation parameter which can be used to reflect an annual
price escalation.

The PGM provides the option of selecting a parent popula-
tion from the original 18 Iowa type mortality curves developed
by Winfrey (1967). The dispersion and average service life
are assumed effective for all the time periods within the
specified time span. The beginning vintage and the last

vintage of the time span must be specified.
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Test of Normality for Balances

To test the distribution of the balances for the pre-
viously developed statistical theory, 100 random samples with
constant additions were generated. Use of the constant
infusions model assures that the assumption that the occur-
rence of retirements from one vintage in no way affects the
occurrence of retirements from another vintage is valid.

Each of these samples came from an Iowa type Rl disper-
sion with a ten year average service life. Additions of $100
were made for each year of study. No price variation nor
inflation was introduced. Ten years of experience were
generated. A complete listing of these samples is found in
the Appendix for samples 1 through 100 inclusive.

In Figures 2 and 3, the distribution of balances in
years 9 and 10 is given. From visual examination of these
histograms, it is not immediately apparent if the assumption
of normality is justified. To validate this distribution
assumption, the chi-square goodness of fit test was applied
to years five through 10. Since the additions are the same
for each sample, the mean and variance in any given year are
the same from sample to sample. The following means and
variances as given in Table 1 can be obtained from formulas

(6) and (9) applied to an R1-10 curve with additions of $100

per year.
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Table 1. Means and variances for balances for the case of
constant infusions

Year Mean Variance
5 460.55 35.13
6 540.92 47.99
7 616.28 66.56
8 685.99 92.33
9 749.42 117.57

10 805.96 145.47

If the normality assumption is justified, a division of
each year's balances in relation to how far each balance is
from the standard deviation based upon the mean would
reveal an observed value of how many values fall into each
class. This can be compared to expected values if the nor-
mality assumption were correct. The chi-square goodness of
fit test can then be applied:

X2 = ) (Observed Frequency-Expected Frequency)2
all classes Expected Frequency

with degrees of freedom egqual to the number of classes minus
the number of parameters being estimated.

In Table 2, the data for years 5 through 10 are broken
into different classes and the chi-square goodness of fit test

value given. 1In this case five classes have been used and two



Table 2. Frequency of balances for years 5 through 10 falling in each category and
the corresponding chi-square values for samples 1 through 100

Year Frequency Frequency Frequency Frequency Frequency - Chi-
less than between between between greater than square
M - 1l.50 ¥ -1l.50 and u - .50 and uy + .50 and U + 1.50
- .50 n + .50 H + 1l.50
Expected 6.68 24.17 38.30 24.17 6.68
5 3 ‘ 20 43 24 10 5.13
6 8 25 32 27 8 1.92
7 7 26 31 31 5 3.90
8 5 22 45 22 6 2.17
9 6 19 41 29 5 ' 2.75

10 3 30 33 30 4 6.64

o€
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parameters, the mean and variance, are being estimated. Hence,
these values are compared to X%,.OS = 7.81. For each year in
question the chi-square values are less than 7.81, so at the
5% level of significance, the hypothesis of normality with the

given mean and variance can be accepted.
The Effect of Tolerance Region Shape

Since the assumption of normality of the balances for
the constant infusions case has 5een established, the ques-
tion of how the shape of the tolerance region affects analysis
will next be examined. 1In Figure 4, the bivariate distribu-
tion of the balances in years 9 and 10 is given. The balances

in years 9 and 10 have the following mean and variance-

covariance structure:

_ [ 749.42 j = [ 117.57 105.42
B 805.96 105.42  145.47
Forming the chi-square statistic
z=@B-w ]t @-w (12)
for this example is equivalent to solving the equation:
(x - 749.42)2(.024) - 2(.018) (x - 749.42) (y - 805.96)
o 2 2
+ (.019) (y - 805.96)" < X; 4g

where x = balance in year 9 and y = balance in year 10.

5% level of significance, only one sample out of 100 was

rejected.
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The rectangular parallelepiped region involves transfor-
mation of the actual balances by premultiplying times the
eigenvectors of ). In this case,

x'" = -.75x + .66y

y’ = .66x + .75y
where x and y are defined as above. The graphical represen-
tation in Figure 6 can be compared to Figure 4 to visualize
the change this transformation makes in the original data.
This transformation changes the mean vector and variance-

covariance structure to:

¢ - -32.14 z‘ - 25.19 0
H 1100.07 0 237.89
Using equation (12) with P = .95, the rectangular

parallelepiped region is given by:

x' = =21.19 x' = =~43.64

1065.57 y' = 1134.57

]

Figure 7 reveals that with the proportion of the population

in the tolerance region, P, specified to be .95, three samples
out of 100 were rejected.

The value of P can be varied, but the results obtained

in the rectangular parallelepiped tolerance region differ very
slightly from the chi-square test. The complexity of trans-
forming the mean and variance-covariance structure make the
rectangular shape more difficult to implement. The chi-square

test is the more powerful test and how it performs in other

Monte Carlo studies will be the focus of later sections.
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MONTE CARLO STUDIES IN A DATA-DEPENDENT

SITUATION WITH NO GROWTH

One of the vital assumptions of the statistical model is
that the occurrence of retirements from one vintage in no way
affects the occurrence of retirements from another vintage.
For the case of constant infusions, this assumption is ful-
filled. However, when there are dependencies between the
data during the. period of study as is the case for most real
world situations, the application of statistical theory
assuming no data dependence causes rejection of the statisti-

cal hypothesis in most cases.

Application of Statistical Model Assuming
No Data Dependence

To test the problems that occur when events are data-
dependent, two Monte Carlo studies were made. In the first
study, 50 random samples were taken from an L1 Iowa type
curve with a ten year average service life. 1000 units
priced at $1 each were placed at the beginning of the first
year, and fifteen years of experience were generated. In the
second Monte Carlo study, 100,000 units priced at $10 each
were placed in service at the beginning of the first year.
The dispersion, average service life, and period of study were
the same as in the first study. Both studies specified a no

growth situation. After retirements occur during the first



38

year, the infusion is calculated so that the balance in sub-
sequent years is as close as possible to the balance in ser-
vice at the end of the first year. The decision rule used to
determine the size of the infusion was discussed in the pre-
vious section. These random samples are documented in the
Appendix, being samples 101 to 200 inclusive.

Examination of Table 3 reveals that in applying the sta-
tistical model the data are much more widely dispersed than
theory would indicate for $1,000,000 initial placement. Five
samples out of 50 were rejected by the chi~square test at the
.05 level of significance using test years 11, 13, 15 for
$1,000 initial installation. For $1,000,000 initial installa-
tion, 49 samples out of 50 were rejected by the chi-square
test of hypothesis applied to test years 11, 13, and 15.

Table 3. Dispersion of the actual balances about the mean
assuming no growth

Number falling outside Number falling outside
Year U * 20 for study with p +* 20 for study with
$1000 initial placement $1,000,000 initial placement

11 0 32
13 0 33
15 0 39

For the $1,000,000 initial placement Monte Carlo study,

rejection of the chi-square test in so many cases and the
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number of observations falling outside u * 20 lead one to
doubt that the balances are normally distributed with means
and variances calculated from Equations (6) and (9). This
Monte Carlo study will be the focus in the remainder of this
section. A theoretical approach to £he problem of data
dependence will be the aim of éhé next subsection.

Theoretical Model for Determining the Size of the

Infusion and the Mean and Variance of the Balances

A variety of decision rules can be used to determine the
size of the infusion to accomplish the goal of adding enough
to have the target balance in service at the end of the year.
The rule used by the PGM computer program uses events which
will occur in determining the amount of the addition. The
development set forth here conditions events on how many
units were retired from the initial placement in the first
year.

The following symbols will be used.

i = year of study where i =1, ..., m.

m = maximum age when all units have been retired.

N = number of units in original installation.
M; = number of units installed in year i+l.

i = retirements that occur in year j from vintage i.
P; = probability of retirement from time i-1 to i.

P = price per unit.

All the accounting entries will be made in dollar values.
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Size of infusion

During the first year, N units are placed in service of
which xll are retired. The number of units to be added in the
second year, M,, is chosen such that the number of units left
in service at the end of year 2 has expectation N - xll con-

ditioned on xll' or

E(Number of units left at end of year twolxll) =N - X,

The number of units left in service at the end of year two is

equal to

N - X + M, - X - X

11 1 12 21 )

M1 is a function of some constant and multiplier times xll'

so substituting A + Bxll for Ml' where A and B are unknown

constants, yields

- We Wish‘to solve

E(N - X + A + BX - X

11 11~ Xpp 7 ¥y X)) ==X . (13)

Using the facts that

E(X);1%y5) = Xy

Py

E(X)plXy) = (N - Xp) I~ 5,

E( = (A + BX

X1 ¥13) 11'P1
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and substituting in Equation (13) yields the following solu-

tions for A and B:

sz = Pz
A= — B=s—7
Hence,
(N - X..) P2 (14)
M, = - ——— . 14
1 11 (1 - pl)z

For the third year, solution of M2 is similar to the

above procedure.

E(N = X7 = X5 -

The following equation must be solved

X1 + My = X571 = Xy + My = X3pXp5)

= N - Xll . (15)
Substituting in M, = A + Bxll and use of the following re-
sults

E(XyplX3y) = Xy
= - ——1—. ] =
P,P.
2 .
E(xzjlxll) (N = X,,) ‘“““l"r i=1, 2

E(xgllxll)

(A + Bxll)pl

(1 - pl)

(16)

produces a solution for (15):



P3 P2
M, = (N - X;) [(l . )2 + a1 )3 ] . (17)
Py Py
In general to solve for the number of units left in ser-

vice at the end of year k, one must solve

E(Number of units left in service at end of year klxll)
k-2 k k-i+l

=E(N+ I M, +M . - I L XLl |Xqq) . (18)
P T S TN sop i3I

Mi for i =1, ..., k-2 will be previously determined
quantities and M, _; will be solved for by substituting in
A + BX,, for M1 where A and B are unknown constants.

The conditional expectation can be found using the

following results:

I
]

E(Xq [%y)

11
p. *
E(X4]%,,) = (N - X)) g5 =2, ..., k
13t 11° {1 -p,)
E(xijlxll) =M;_,py i=2, ..., k-1
= 1' e e vy k"i"'l
E(xkllxll) = (A + BX;,)p, . (19)

Solutions for M3, M4, and M5 are given below:

p 2p,p p3
M3 = (N - xll) [ 4 5 + 23 3 + 2 ) ] (20)
(1 - pl) (1 - pl) (L - pl)
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2 2
P 2p,P, + P 3p,p
My = (N - Xll)[ Sy AP Y
1 -pp° @ - pp) (1 - py)
Py
. ] (21)
(1 - pl)
_ Pg 2p,Pg + 2P3P,
My = (N = Xp,) 7+ T
2 2 3 5
3p,p, *+ 3p,P 4pop P
. PaPs 2P3 | 2P3 2 (22)
) 5 3
(1 - pl) (1 - pl) (1 - pl)

Equations (14), (17), (20), (21), and (22) give the
decision rules to determine the number of units to be added
in service at the beginning of years 2 through 6. The value
in dollars of the additions would be the product of the price
per unit, P, and the number of units placed in service in
year i, M. _q- Although it is possible to further specify the
values of M., these results will be sufficient to examine the

mean and variance structure of the balances with and without

data dependence.

Mean and variance of balances

The mean and variance structure of the balances will be
different from the nondata=-dependent theory developed by

Wwhite (1968). sSince the additions have been chosen so that

equal to N - X,q+ use of the result from Hogg and Craig (1965)
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where in this case Y = Xll yields

E[Balance in year k] = PN(1l - pl)
Let
)
A B cee—————
1l (1 - p1)2
P P2
3 2
A, = +
2 a-pp? a-p’
) 3
A = "4 L D
3 2 3 1
(1 - pg) 1 -p) (1 - pq)
2 2 4
_ Pg 2p,P, + Py 3p,P5 Py
Ay = 7 * 3 * 7 *
2 2
a o P6  ZPoPs * 2P3Py  3Pypy * IPyPy
5 2 3 4
3 5
4p,P; P2
+ = + z .
These M; can be represented as
Ml = Ai(N - Xll) i=11, ..., 5

(23)

(24)

(25)
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Variance for the occurrence of retirements from vintage
i in year j, Xij' can be calculated using the result given

by Hogg and Craig (1965):

Var Y = E[Var(Y|X)] + Var[E(Y|X)] . (26)
Hence,
var Xy, = Np; (1 - pl)
(1 - p.) (N - X..)p.
= - , 11°'%5
Var xlj E | (N Xll)pj TT—:—EiT ] + Var 1= pl)
2
Np, P

ij(l - pj) + —(_l—"'%;)_ j = l, evey M (27)

vVar Xij E[Var(xij xll)] + Var[E(Xij Xll)]

E(A;_; (N = X);)p, (1 = p,)]

+ Var[ (N - Xll)Ai_lpj]
= A; M - peg 0t - oppd o+ AT eliNe (2 - By
i=2, ..., 6
=1, «c., m (28)

Covariances for the above quantities can be related in

a similar manner, since the occurrence of subsequent retire-

ments depends

i)

n Xy;- Hogg and Craig (1265) state:

Cov(Y, 2) = E[Cov(¥|X), cov(Z|X)] + CovIE(Y|X), E(Z|X)] .

(29)
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Since in this case the events depend upon Xll' (29) reduces

to
Cov(Y,2) = Cov[E(Y|X), E(Z|X)] . (30)
Hence,
Cov(xll, le) = -Nplpj j =1, «.., m (31)
Cov(Xyq+ xij) = -NA; ;P (1 - pl)pj i=2, ..., 6 (32)

j=l, o"'m

Cov(xlj, Xieg) = NAk-lplpjpz j=1, ... m (33)
k=2, ..., 6
2 =1, ..., m

i'k=2' o e o7 6

jl 24=l' ooo,m

i#kand j # 2
Finding the variance for the balances in years 1 through

6 combines the above results. Let

m-1
B =1+ I A, m=1, ..., 6 (35)
m j=1 1
aij = Bm if i=3=1
=1 otherwise (36)
k.. =1 if i+ j<n+1
i)

=i +1 i+ j=n+1 (37)
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Ly =3 +1 if i+3j<n+1
=i+ 1 i+ jJ=n+1 (38)
Thus,
Var (Balance in year 1) = Var|[P(N - X101
2
= P Var xll
= pNp, (1 - p,) (39)
1 1
Var (Balance in year m)
m-1 m m-i+l
=Var[P(N+ z Mi— z z Xi')]
i=1 i=1 j=1 J
m m-i+l
= P2 [ L z 6?. Var X..
i=1 =1 4 1)
m-1 m-i+l m m :
+2 I z z z §,. Cov(X,., X )] (40)
i=1 §=1 k=k,. &=f . 3 13" kL
ij kj

Comparison of Results Produced by Statistical
Models With and Without Data Dependence
The decision rule for the size of the addition in each
year which was derived in the previous subsection can be com-
pared to what was actually produced by the Monte Carlo study.
The additions produced by the computer, on the average.
slightly understate the expected addition computed from

formulas (14), (17), (20), (21),; and (22)
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Table 4. Comparison of additions produced by Monte Carlo
study with additions expected under the statistical

model
Year Mean of additions Addition expected when Diff
from Monte Carlo study events are conditioned :
2 14,526 14,530 .006
3 28,033 28,130 .32
4 44,597 44,750 .34
5 61,311 61,370 .09
6 74,628 75,890 1.6

The means and variances of the balances produced by the
two statistical models are compared in Table 5. The average
of the mean balance assuming no data dependence and sample
mean of the variance of balances assuming no data dependence
were found by averaging the values produced by Equations (6)
and (9) respectively to each Monte Carlo sample. The means
and variances for the data-dependent case are taken from
applying Equations (24), (27), and (28).

The Monte Carlo study preduces means (simulated balances)
assuming no data dependence which in the years examined
understate the target balance from Equation (24). The vari-
ances of the balances obtained assuming no data dependence
neglect the fact that the price per unit, P, is a constant
multiplied times the number of units involved at a given

point in time.
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two statistical models

Comparison of means and variances produced by the

No data dependence

Average of Average of

Data dependence

Mean

Variance of

%

%

Year mean of variance of balance balance Diff. Diff.
balances balances expected expected Means Var.

1 996, 385 10,843 996,370 106,567 0 882

2 996,375 17,824 996,370 179,305 0 906

3 996,292 44,155 996,370 445,320 0 909

4 996,148 82,927 996,370 831,370 0 903

5 996,091 130,056 996,370 1,360,598 0 946

6 996,098 178,442 996,370 2,086,224 0 1069

The variance formula (9) given in White's calculations
assumes the additions Nj may be in units or dollars. If the
additions and balances are in dollar values, the dollar
values are the products of the number of units and the price
per unit. This qualification results in the following

modification to White's work:

K k-i+1
E(B) =P I N, (1,- DR ) (41)
k T j=1 3
X i i
var(B,) = B° I Nk_i+l( 1 - % n.)( Lo, ) (42)
i=1 j=1 J/\3=1 )

2 k i K'-k+i
Cov(B, B.,) =P .E Ny 41 ( Zl 3 )(1 - bX T )
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The expectation does not differ from what White found in
Equation (6). However, the variances and covariances in (42)
and (43) are P times the results in Equations (9) and (10)
respectively,

Taking White's nondata-dependent theory and multiplying
the variance given in Equation (9) by P would produce sub-
stantial changes in the dispersion of the balances with re-
spect to the mean and variance. Table 3 revealed in applying
Equation (9), the observations are more dispersed than theory
would expect. If the variances in (9) were recalculated
using (42), 6, 6, and 4 balances for test years 11, 13, and
15 respectively would fall outside u * 20. This step is a
dramatic improvement over the results in Table 3. A chi-
square test applied using the revised variances and covari-
ances would result in rejection of 6 out of 50 samples at the
.05 level, a great improvement over the rejection of 49 out
of 50 samples previously.

In the real world, the determination of the price per
unit could make implementation difficult. This problem
coupled with the fact that modeling with data dependence pro-
duces additional covariance terms which go to zero if there
is no data dependence causing this modeling to produce
higher variances than in the other case.

When applying nondata-dependent theory developed by

White (1968), the additions were assumed to be constants with
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no variability. As can be seen from Table 6, the actual
additions in this case have a wide variability, even greater
than the variability of the balances.

Table 6. Sample means and sample standard deviations for
actual additions and actual balances

Additions Balances
Year Sample Sample stan- Sample Sample stan-
mean dard deviation mean dard deviation

1 1,000,000 0 996,329 166.9
2 14,526 311.3 996,334 169.8
3 28,033 540.4 996,329 174.9
4 44,597 655.1 996,319 187.7
5 61,311 855.4 996,312 207.4
6 74,628 718.9 996,309 203.6
7 81,993 756.1 996,302 208.7
8 86,126 868.2 996,287 222.5
9 89,429 812.3 996,281 216.3
10 92,984 931.0 996,281 225.,6
il 55,5606 850.6 886,274 241.0
12 97,831 920.8 996,258 262.6
13 99,530 967.5 996,271 259.6
14 100,847 975.4 996,268 263.5
15 101,534 1071.9 996,242 267.2

The nondata-dependent theory produces a mean and vari-
ance for the balance each year for each sample. Comparison
with data-dependent theory in Table 5 has shown that for this

Monte Carlo study the variances of the balances assuming no
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To determine what the

variances should be, the variability of the estimates of the

mean and variances calculated from Equations (6) and (9) is

compared in Table 7 for selected years.

Table 7. Sample means and sample standard deviations for
means and variances of balances assuming no data

dependence

Mean of balances

no data dependence

assuming Variance of balances
assuming no dependence

Year Mean Standard

deviation Mean

Standard deviation

996,091 1798.3 130,077
996,199 1909.22 221,242
11 997,529 1921.1 310,246
13 997,564 1801.9 322,175
15 997,645 1972.2 316,090

41.27

121.8
354.9
427.6
457.4

The sample variance of the mean assuming no data depen-

ance in this situation
from Equation (9). To

analysis was performed

=
]

o + BX + ¢

<
i

(6).

should be than the variances obtained

relate these quantities, a regression

for

(44)

sample variance of the mean obtained from Equation
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X = sample mean of the variance obtained from Egquation
(9).

E = error term,
The estimates using the data in Table 7 are a = 2.98977 E 06
and 8 = 2.0348.

Table 8 reveals that the F test is not significant.
Even though this regression attempt to relate the two quanti-
ties has not been successful the same approach can be taken

with the covariance terms.

Table 8. Results of regression analysis for vari-

ance

Source df SS Ms F
Regression 1 1.16 E 11 1.16 E 11 1.27
Residual 3 2,73 E 11 9.09 E 10

Total 3.89 E 11

Table 9 gives comparisons for the covariance terms in
.years 11, 13, and 15. Covariances between years i and i can
be estimated by the Monte Carlo study via the following

relationship:

= R A Y oy 45)
cov(Bk Bk’) T Xi Yi n X'y (45)

where

Bk' Bk' = balance in years k and k' respectively.
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Xi = estimate of mean in year k for sample i produced
from Equation (6).
Yi = estimate of mean in year k' for sample i produced

from Equation (6).

n = number of samples.
_ n
X'= I X!.
i=1 *
_ n
i=1

Table 9. Comparison of covariance terms for balance

Years Covariance calculated Sample mean of
from (45) covariances from (10)

11, 13 3.3554 E 08 230,949

11, 15 3.6909 E 08 160,337

13, 15 3.0198 E 08 228,752

The quantities in Table 9 can be related by a regression

equation

Y

it

o + BX + € (46)

where

Y = covariance terms calculated from (45).

X

mean of covariance terms calculated from (10).

error term.

€

This produces & = -8114.96 and 8 = 91.35.
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This analysis given in Table 10 is no more successful in

producing a significant F test. While the number of observa-.
tions in each case is limited, this procedure is a workable
method of determining what variances and covariances should be

in a data-dependent situation using nondata-dependent formulas.

Table 10. Regression analysis for covariance terms

Source af SS MS F
Regression 1 2.6804 E 07 2.6804 E 07 2.48
Residual 1 1.8007 E 07 1.8007 E 07

Total 1 3.7611 E 07

Problems in Implementing Computer Decision Rule

The decision rule used by the PGM computer program uses
events which will logically occur in the future to determine
what the infusion in each vear will be. Since this is the
case, a statistical modeling of the process the computer
goes through in data-dependent situations cannot be achieved.
However, the additions and balances the computer produces
can be compared to what one would expect.

For example, in year 2 the addition in dollar values is



56

X12 P
Additi i 2) = B (P77 = — E(X
E(Additions in year 2) (1 = pl) T -5, (Xq,)
NPP '
=t 2 (47)
Py
E(Balance in year 2) = E[P(N - X11 - x12 + M1 - le)]
N p2
= PN(1 - pl) (48)

This process can be repeated for each year. The results
of computing these expectations for each year are found in
Table 11. The average of the additions produced by the com-
puter given in Table 6 are remarkably close to what one would
expect them to be. However, the computer produces a smaller
balance on the average as shown in Table 6 than one would
expect. In the course of computing retirements for each
vintage, it appears the retirements xi. are being overstated
by the computer. It is recommended that further scrutiny be
given to the PGM program to examine the process used to

simulate retirements.
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Table 11. Expected additions and balances
using the computer decision rule

Year Expected addition Expected balance
2 14,570 996,270
3 28,120 996,420
4 44,740 996,420
5 61,370 996,420
6 74,630 996,410
7 82,040 996,410
8 85,920 996,420
9 89,520 996,420

10 92,810 996,420
11 95,670 996,430
12 98,000 997,830
13 99,710 997,920
14 100,980 997,560

15 101,880 997,480
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ABILITY OF THE BALANCES METHOD TO DETECT
CORRECT DISPERSION AND AVERAGE SERVICE LIFE

Many depreciation analysts use the simulated-plant record
balances method to select the correct dispersion and average
service life. The choice is made by picking the retirement
dispersion and average service life which minimize the sum of
squares differences between the actual and simulated balances.
Some practitioners feel that the combination of dispersion
and average service life which produces this minimum sum of
squares is a unique best-fitting representation of mortality
characteristics.

To examine this notion, the Monte Carlo studies discussed
in the previous sections were analyzed using the SPR balances
method and the chi-square statistic. A computer program was
written to analyze these data combining work done by White
and Cowles (1972) and White (1968). The program documented by
White and Cowles (1972) performs the SPR analysis, giving the
average service life which minimizes the sum of squares
difference between actual and simulated balances for each
Iowa type curve. The program developed by White (1968) finds
the chi-square statistic after the dispersion and average
service life are input. The resulting computer program

b ]

1§ the test years specified by the balances
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Since the data in these Monte Carlo studies are very
regular with little variation built in, they cannot be
supposed to reflect a real world situation which is affected
-by factors such as inflation, price variation, or economic
uncertainty. Nevertheless, from analyzing the Monte Carlo
studies, the idea of producing a unique best-fitting repre-

sentation of the data can be clarified or dispelled.
Monte Carlo Study With Constant Infusions

These data were generated from an Rl Iowa type curve
with a ten year average service life. One hundred units
priced at $1 each were placed in service every year for ten
years. These samples are listed in the Appendix, consisting
of samples 1 to 100. Two samples out of 100 were rejected
by the chi-square statistic at the .05 level using the Rl
type curve and average service life produced by the sum of
squares criterion.

In spite of the regularity of these data, the balances
method seldom selected the R1-10 curve from which the data
ére known to be generated. 1In Table 12, a distribution of
service lives for the Rl curve produced by the sum of squares
criterion is given.

This vairation from the true average service life by as
much as *10% is surprising and could have a significant effect

on the depreciation accrual for a property with a longer
service life.
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Table 12. Number of samples generating the given average
service life for an Rl curve by the SPR balances
method for samples 1 through 100

ASL Frequency
9.2 1
9.3‘ 1
9.4 4
9.5 7
9.6 8
9.7 8
9.8 | 13
9.9 7
10.0 5
10.1 4
10.2 9
10.3 7
10.4 5
10.5 6
10.6 7
10.7 4
10.8 0

10.9 4
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In Table 13, it is found that the R1l dispersion is not
always the curve which produces a minimum sum of squares. 1In
fact in only 10% of the samples did the Rl curve produce the
minimum sum of squares differences. The sum of squares
criterion has the Rl curve ranked as low as eleventh out of
the 31 Iowa type curves. The results obtained from the chi-~
square statistic do not produce ranking that differs greatly

from the sum of squares criterion.
Monte Carlo Studies With Data Dependence

Samples 101 through 150 in the Appendix were generated
from an L1-10 Iowa type corve. One thousand units priced at
$1 each were placed in service in year one, and each sample
was specified to have no growth. Using test years 11, 13,
and 15, the chi-square statistic assuming no data dependence
rejected 5 out 50 samples when examining the L1 curve and
average service life produced by the sum of squares criterion.

Tabie 14 gives the distribution of service lives pro-
duced for the L1 curve by the sum of squares criterion. 1In
this case, the average service life varies up to *5% from
the known average service life. Again if this property had
a longer average service life, such a discrepancy in estimating
the average service life could play havoc with the deprecia-

tion rate.
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Chi-square ranking compared to sum of squares
ranking for Rl curve for samples 1 through 100

Sum of sqguares ranked in ascending order

for Rl curve for samples 1 through 100

o o

10
11

12

Chi-square statistic ranked in ascending order
for Rl curve for samples 1 through 100

2 3 4 5 6 7 8 9 10 11 12

10

14 2

10
11

16

24

11

11 7 6 6 15 10 23 7 2 1 11

00
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Table 14. Number of samples generating the given average
service life for an Ll curve by the SPR balances
method for samples 101 through 150

ASL Frequency
9.6 1

9.7 5

9.8 3

9.9 8
10.0 11
10.1 10
10.2 7
10.3 2
10.4 3

Table 15 compares results produced by the sum of squares
criterion with those produced by the chi-square statistic.

In this case only 5 out of 50 samples produced the minimum
sum of squares differences for the L1 dispersion. The Ll
dispersion actually ranks as low as tenth by both sum of
squares and chi-square.

For the other no growth Monte Carlo study with 100,000
units priced at $10 each, the results were different. The
chi~-square statistic rejected 49 out of 50 samples at the
.05 level. However, for all fifty samples the chi-square

statistic and sum of squares differences were a minimum for
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the L1 dispersion. The average service life for the Ll
dispersion produced by the sum of squares criterion was

10.0 in every case.

Table 15. Chi-square ranking compared to sum of squares rank-
ing for L1 dispersion for samples 101 through 150

Chi-square ranked in ascending order for L1 curve

g 1 2 3 4 5 6 7 8 9 10
|
58 1|4 1 5
e
o 2 713 10
8
é‘“ 3 113 1|3 7
b 4 5| 1 6
nao
5o 5 1 11/10 1 13
¢ o
g~
2o 6 1 1
*H“
o 7 1 2 3
0
53
ad 8 112 3
o
& 9 1 1
10 111
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Discussion

While the first no growth Monte Carlo study produced
more statistically acceptable results, the SPR balances
method had difficulty in selecting the correct choice of
dispersion and average service life. In many cases, a large
number of curves were grouped near the curve which produged
a minimum sum of squares difference with Little differenée
in their respective sum of squares differences and even less
in the indices of variation. More accurate conclusions would
be gained by subjectively analyzing several curves as to the
average service life and position and height of the mode of
the density function.

When given Monte Carlo studies where the values were
smaller in a hundred or thousand dollar units, the balances
method had greater difficulty in selecting the proper dis-
persion than when the additions were larger. The chi-square
test however performed better in the former case than in the
latter. The problems associated with the chi-square modeling
were discussed at length in the section involving data
dependence. If the chi-square modeling incorporated the price
per unit P as a separate quantity from the additions the
analysis could be greatly improved. Whether this phenomena
would occur in other cases by varying the size of the initial

installation would be a subject of great interest for further

research.
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SUMMARY AND CONCLUSIONS

The simulated plant-record method is the only technique

used to analyze semi-actuarial data which gives estimates of

both the retirement dispersion and average service life.

Practitioners in industry have relied upon the SPR method to

produce a unique best fitting curve. 1In the past statistical

modeling has achieved limited success in analyzing the SPR

method.

Exploration of these problems has produced the

following conclusions:

(

(1)

ii)

Pv
-
A

When the data are not dependent on the occurrence of
retirements from one vintage to the next, the
statistical modeling proposed by White is appropriate.
The balances are normally distributed with means and
variances given in equations (6) and (9) respectively.
When varying the shape of the tolerance region from
ellipsoidal to a rectangular parallelepiped, little
change is found. For ease of computation, the
ellipsoidal shape is preferred.

When examining data-dependent situations, White's
modeling produces more frequent rejection of the
Monte Carlo samples than theory would expect.

If one were to separate the price per unit from the
dollar value of each account, the data-dependent

case would produce larger variances and covariances
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and could be analyzed more successfuly by White's
model.

(v) In the data-dependent case variability of the means
produced by the Monte Carlo studies can be used to
estimate true variability for data-dependent observa-
tions.

(vi) The SPR balances method does not produce a unique
best fitting curve. Instead several curves should be
analyzed before choosing one as a best fit.

(vii) On the basis of these data discussed herein, it appears
the SPR balances method estimates the correct disper-
sion and average service life with greater precision
when the dollar values involved are of greater magni-
tude than when the dollar values are smaller in magni-
tude.

The conclusions drawn from this study raise a number of
questions that warrant further investigation. The assumption
that all vintages come from a homogeneous population has not
been explored in this study. However, for real world appli-
cation, this assumption is almost certainly violated. Modi-
fications to the statistical development presented would be of
interest.

Separating the price component from the analysis for
computation of the variance and covariance could present quite

a problem in industrial applications. Choice of a variable
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price for each year could be used to approximate conditions
such as inflation or economic uncertainty.

The PGM computer program was found to produce more
retirements than could be expected theoretically. The deci-
sion rule in data-dependent cases for each year's addition
closely approximates the additions produced by the Monte
Carlo studies. However, before any further studies are made
using this program, a better understanding of the logic
should be undertaken.

The statistical modeling presented for data-dependent
observations is conditioned on retirements which occur
during the first year. Conditioning on retirements which
occur in later years would be a logical extension of this
work. This process would be of limited value for real worlad
situations.

Further, Monte Carlo studies in other situations than
the no growth would be of aid in determining how the balances
method is affected by the size of initial installation and
price per unit. Other areas which could be explored are
quantifying a scale for the index of variation or empirically
substantiating the scales given for the conformance index

or retirements experience index.
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APPENDIX: LISTING OF SAMPLES GENERATED FOR

MONTE CARLO STUDIES
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

1 1 100 2 98
2 100 3 195

3 100 5 290

4 100 10 380

5 100 26 454

6 100 24 530

7 100 23 607

8 100 23 684

9 100 41 743

10 100 42 801

2 1 100 1 99
2 100 3 196

3 100 4 292

4 100 11 381

5 100 15 466

6 100 13 533

7 100 27 626

8 100 25 701

9 100 42 759

10 100 47 812

3 1 100 1 99
2 100 6 193

3 100 1 292

4 100 13 379

s 180 i5 464

6 100 16 548

7 100 31 617

8 100 32 685

9 100 32 753

10 100 36 817

4 1 100 0 100
2 100 2 198

3 100 4 294

4 100 7 387

5 100 3 474

6 100 15 559

7 100 30 629

8 100 26 703

S 100 32 771

10 100 49 822
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

5 1 100 1 99
2 100 3 196

3 100 5 291

4 100 3 388

5 100 10 478

6 100 33 545

7 100 32 613

8 100 31 682

9 100 29 753

10 100 54 799

6 1 100 1 99
2 100 4 195

3 100 7 288

4 100 12 376

5 100 10 466

) 100 15 551

7 100 29 622

8 100 26 696

9 100 36 760

10 100 51 809

7 1 100 2 98
2 100 4 194

3 100 5 289

4 100 7 382

5 100 19 463

6 100 16 : 547

7 100 23 624

8 100 20 704

9 100 38 766

10 100 50 816

8 1 100 2 98
2 100 6 192

3 100 7 285

4 100 9 376

5 100 12 464

6 100 20 544

7 100 28 616

8 100 29 687

9 100 42 745

10 100 54 791
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

9 1 100 3 97
2 100 3 194

3 100 7 287

4 100 7 380

5 100 13 467

6 100 20 547

7 100 25 622

8 100 27 695

9 100 43 752

10 100 42 810

10 1 100 1 99
2 100 4 195

3 100 10 285

4 100 6 379

5 100 12 467

6 100 26 541

7 100 24 617

8 100 20 697

9 100 28 769

10 100 46 823

11 1 100 3 97
2 100 7 190

3 100 , 10 280

4 100 9 371

5 100 11 460

6 100 15 545

7 100 24 621

8 100 37 684

9 100 56 728

10 100 45 783

12 1 100 2 98
2 100 2 196

3 100 11 285

4 100 13 372

5 160 2 480

6 100 18 542

7 100 27 615

8 100 28 687

9 100 41 746

10 100 47 799
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

13 1 100 3 97
2 100 3 194

3 100 3 291

4 100 11 380

5 100 12 468

6 100 19 549

7 100 28 621

8 100 35 686

9 100 40 746

10 100 36 810

14 1 100 0 100
2 100 2 198

3 100 6 292

4 100 12 380

5 100 10 470

6 100 21 549

7 100 23 626

8 100 33 693

9 100 34 759

10 100 46 813

15 1 100 0 100
2 100 4 196

3 100 9 287

4 100 6 381

5 100 i5 466

6 100 20 546

7 100 28 618

8 100 39 679

9 100 34 745

10 100 46 799

16 1 100 0 100
2 100 4 196

3 100 5 291

4 100 7 384

5 100 S 475

6 100 21 554

7 100 28 626

8 100 30 696

9 100 42 754

10 io0 45 809
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

17 1 100 2 98
2 100 5 193

3 100 4 289

4 100 8 381

5 100 13 468

6 100 16 552

7 100 25 627

8 100 28 699

9 100 34 765

10 100 46 819

18 1 100 2 98
2 100 6 192

3 100 6 286

4 100 15 371

5 100 17 454

6 100 15 539

7 100 30 609

8 100 31 678

9 100 34 744

10 100 45 799

19 1 100 2 98
2 100 3 195

3 100 7 288

4 100 20 368

5 100 20 448

6 100 19 529

7 100 21 608

8 100 32 676

9 100 27 749

10 100 45 804

20 1 100 0 100
2 100 2 198

3 100 4 294

4 ioo0 lé 378

5 100 19 459

6 100 23 536

7 100 17 619

8 100 34 685

9 100 36 749

10 100 49 800
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

21 1 100 0 100
2 100 6 194

3 100 6 288

4 100 12 376

5 100 14 462

6 100 26 536

7 100 21 615

8 100 27 688

9 100 41 747

10 100 49 798

22 1 100 0 100
2 100 6 194

3 100 7 287

4 100 10 377

5 100 17 460

6 100 16 544

7 100 26 618

8 100 26 692

9 100 34 758

10 100 38 820

23 1 100 1 99
2 100 5 194

3 100 14 280

4 100 8 372

5 1090 20 452

6 100 21 531

7 100 26 605

8 100 22 683

9 100 43 740

10 100 43 797

24 1 100 2 98
2 100 1 197

3 100 8 289

4 100 9 380

5 1¢o 18 462

6 100 20 542

7 100 31 611

8 100 19 692

9 100 41 751

10 100 49 802
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

25 1 100 1 99
2 100 3 196

3 100 8 288

4 100 11 377

5 100 16 461

6 100 23 538

7 100 30 608

8 100 28 680

9 100 39 741

10 100 38 803

26 1 100 1 99
2 100 2 197

3 100 4 293

4 100 18 375

5 100 14 461

6 100 25 536

7 100 17 619

8 100 27 692

9 100 38 754

10 100 39 815

27 1 100 4 96
2 100 4 192

3 100 6 286

4 100 9 377

5 100 22 455

6 100 17 538

7 100 31 607

8 100 31 676

9 100 40 736

10 100 39 797

28 1 100 0 100
2 100 5 195

3 100 4 291

4 100 14 377

5 100 15 462

6 100 24 538

7 100 23 615

8 100 28 687

9 100 30 757

10 100 43 814
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

29

1 100 1 99
2 100 4 195
3 100 4 291
4 100 10 381
5 100 8 473
6 100 24 549
7 100 27 622
8 100 31 691
9 100 26 765
10 100 63 802
30 1 100 1 99
2 100 3 196
3 100 8 288
4 100 18 370
5 100 16 454
6 100 21 533
7 100 29 604
8 100 41 663
9 100 31 732
10 100 45 787
31 1 100 1 99
2 100 6 193
3 100 7 286
4 100 14 372
5 100 13 459
6 100 17 542
7 100 23 619
8 100 27 692
9 100 46 746
10 100 46 800
32 1 100 0 100
2 100 1 199
3 100 5 294
4 100 8 386
5 100 20 466
6 100 14 - 552
7 100 21 631
8 100 29 702
9 100 37 765
10 100 41 824
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

33 1 100 1 99
2 100 3 196

3 100 2 294

4 100 18 376

5 100 17 459

6 100 17 542

7 100 22 620

8 100 21 699

9 100 37 762

10 100 43 819

34 1 100 0 100
2 100 6 194

3 100 1 293

4 100 14 379

5 100 24 455

6 100 24 531

7 100 27 604

8 100 29 . 675

9 100 24 751

10 100 47 804

35 1. 100 1 99
2 100 4 195

3 100 11 284

4 100 6 378

5 100 15 463

6 100 26 537

7 100 24 613

'8 100 23 690

9 100 44 746

10 100 56 790

36 1 100 3 97
2 100 2 195

3 100 6 289

4 100 12 377

5 100 17 460

6 100 25 535

7 100 28 607

8 100 38 669

9 100 27 742

10 100 40 802



84

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

37 1 100 2 98
2 100 8 190

3 100 9 281

4 100 6 375

5 100 11 464

6 100 21 543

7 100 20 623

8 100 33 690

92 100 27 763

10 100 39 824

38 1 100 1 99
2 100 5 194

3 100. 9 285

4 100 13 372

5 100 13 459

6 100 12 547

7 100 28 619

8 100 36 : 683

9 100 39 744

10 100 34 810

39 1 100 2 98
2 100 3 195

3 100 6 289

4 100 8 381

5 100 10 471

6 100 18 553

7 100 30 623

8 100 24 699

9 100 38 761

10 100 40 821

40 1 100 2 98
2 100 4 194

3 100 11 283

4 100 15 368

5 100 15 : 453

6 100 18 535

7 100 26 609

8 100 34 675

9 100 30 745

10 100 48 797



85

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

41 1 100 2 98
2 100 6 192

3 100 8 284

4 100 11 373

5 100 28 445

6 100 18 527

7 100 25 602

8 100 34 668

9 100 35 733

10 100 42 791

42 1 100 0 " 100
2 100 2 198

3 100 7 291

4 100 15 376

-5 100 15 461

6 100 26 535

7 100 34 601

8 100 24 677

9 100 42 735

10 100 42 793

43 1 100 1 99
2 100 6 193

3 100 2 291

4 100 15 376

3 180 ) 480

6 100 29 531

7 100 24 607

8 100 32 675

9 100 38 737

10 100 40 797

44 1 100 0 100
2 100 6 194

3 100 10 284

4 100 7 377

5 100 14 463

6 100 19 544

7 100 25 619

8 100 33 686

S 100 31 755

10 100 35 820



86

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

45 1 100 1 99
2 100 6 193

3 100 11 282

4 100 15 367

5 100 14 453

6 100 27 526

7 100 19 607

8 100 24 683

9 100 40 743

10 100 55 788

46 1 100 3 97
2 100 7 190

3 100 4 286

4 100 11 375

5 100 19 456

6 100 17 539

7 100 26 613

8 100 26 687

9 100 30 757

10 100 42 815

47 1 100 3 97
2 100 3 194

3 100 10 284

4 100 15 369

5 160 18 451

6 100 18 533

7 100 23 610

8 100 32 678

9 100 37 741

10 100 46 795

48 1 100 0 100
2 100 5 195

3 100 4 291

4 100 13 378

5 100 16 462

6 100 21 541

7 100 29 612

8 100 33 679

9 100 34 745

10 100 42 803



87

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

49 1 100 2 98
2 100 3 195

3 100 11 284

4 100 12 372

5 100 22 450

6 100 20 530

7 100 26 604

8 100 36 668

9 100 39 729

10 100 29 800

50 1 100 2 98
2 100 6 192

3 100 9 283

4 100 7 376

5 100 13 463

6 100 24 539

7 100 14 625

8 100 35 690

9 100 43 747

10 100 36 811

51 1 100 4 96
2 100 8 188

3 100 9 279

4 100 6 373

S 10¢ S 464

6 100 19 545

7 100 28 617
8 100 21 696 -

9 100 39 757

10 100 46 811

52 1 100 2 98
2 100 4 194

3 100 8 286

4 100 9 377

5 100 17 460

6 100 16 544

7 100 24 620

8 100 45 675

9 100 42 733

10 100 45 788



88

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

53 1 100 3 97
2 100 5 192

3 100 11 281

4 100 17 364

5 100 14 450

6 100 17 533

7 100 21 612

8 100 35 677

9 100 27 750

10 100 43 807

54 1 100 0 100
2 100 3 197

3 100 6 291

4 100 11 380

5 100 12 468

6 100 22 546

7 100 17 629

8 100 32 697

9 100 41 756

10 100 38 818

55 1 100 1 99
2 100 6 193

3 100 10 283

4 100 14 369

5 100 i8 451

6 100 16 535

7 100 30 605

8 100 26 679

9 100 37 742

10 100 53 789

56 1 100 0 100
2 100 2 198

3 100 5 293

4 100 17 376

5 100 14 462

6 100 15 547

7 100 26 621

8 100 23 698

9 100 35 763

10 100 45 818



89

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

57 1 100 0 100
2 100 8 192

3 100 5 287

4 100 9 378

5 100 9 469

6 100 14 555

7 100 31 624

8 100 30 694

9 100 46 748

10 100 45 803

58 1 100 0 100
2 100 4 196

3 100 4 292

4 100 9 383

5 100 16 467

6 100 16 551

7 100 26 625

8 100 40 685

9 100 40 745"

10 100 53 792

59 1 100 3 97
2 100 5 192

3 100 10 282

4 100 10 372

5 i00 8 464

6 100 22 542

7 100 26 616

8 100 30 686

9 100 31 755

10 100 39 816

60 1 100 0 100
2 100 4 196

3 100 4 292

4 100 11 381

5 1¢¢ 17 464

6 100 : 19 545

7 100 18 627

8 100 32 695

) 100 35 760

i0 100 39 821



920

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

61 1 100 1 99
2 100 4 195

3 100 6 289

4 100 13 376

5 100 7 469

6 100 16 553

7 100 27 629

8 100 30 696

9 100 32 764

10 100 45 819

62 1 100 0 100
2 100 5 195

3 100 7 288

4 100 8 380

5 100 17 463

6 100 20 543

7 100 32 611

8 100 24 687

9 100 45 742

10 100 38 804

63 1 100 1 99
2 100 3 196

3 100 13 283

4 100 9 374

] i8¢ i3 461

6 100 15 546

7 100 22 624

8 100 31 693

9 100 32 761

10 100 40 821

64 1 100 2 98
2 100 2 196

3 100 5 291

4 100 11 380

5 100 8 472

6 100 13 559

7 100 30 629

8 100 26 703

9 150 32 771

10 100 45 825



91

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

65 1 100 0 100
2 100 3 197

3 100 9 288

4 100 10 378

5 100 15 463

6 100 17 546

7 100 21 625

8 100 26 699

9 100 39 760

10 100 44 816

66 1 100 1 ' 99
2 100 3 196

3 100 9 287

4 100 17 370

5 100 12 458

6 100 24 534

7 100 23 611

8 100 39 672

9 100 31 741

10 100 47 794

67 1 100 0 100
2 100 2 198

3 100 7 291

4 100 5 386

5 100 20 466

6 100 21 545

7 100 20 625

8 100 27 698

9 100 44 754

10 100 45 809

68 1 100 2 98
2 100 3 195

3 100 11 284

4 100 16 368

5 100 15 453

6 100 16 537

7 100 29 608

8 100 23 685

9 100 33 752

10 100 36 816



92

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

69 1 100 1 99
2 100 3 196

3 100 10 286

4 100 14 372

5 100 12 460

6 100 23 537

7 100 22 615

8 100 26 689

9 100 38 751

10 100 47 804

70 1 100 1 99
2 100 5 194

3 100 9 285

4 100 15 370

5 100 9 461

6 100 32 529

7 100 10 610

8 100 28 682

9 100 49 733

10 100 45 788

71 1 100 0 100
2 100 4 196

3 100 5 291

4 100 12 379

5 100 i5 464

6 100 19 545

7 100 26 619

8 100 35 684

9 100 42 742

10 100 48 794

72 1 100 0 100
2 100 5 195

3 100 6 289

4 100 9 380

5 100 i8 462

6 100 19 543

7 100 32 611

8 100 31 680

9 100 33 747

10 100 37 810



93

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

73 1 100 0 100
2 100 6 194

3 100 5 289

4 100 11 378

5 100 14 464

6 100 16 548

7 100 33 615

8 100 31 684

9 100 26 758

10 100 42 816

74 1 100 1 99
2 100 5 194

3 100 11 283

4 100 12 371

5 100 14 457

6 100 13 544

7 100 22 622

8 100 36 686

9 100 28 758

10 100 37 821

75 1 100 1 99
2 100 2 197

3 100 12 285

4 100 8 377

S 100 i 461

6 100 18 543

7 100 22 621

8 100 33 688

9 100 36 752

10 100 52 800

76 1 100 2 98
2 100 5 193

3 100 5 288

4 100 8 380

5 100 i35 465

6 100 15 550

7 100 29 621

8 100 19 702

S 100 39 763

1¢ 100 38 825



94

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

77 1 100 1 99
2 100 2 197

3 100 11 286

4 100 12 374

5 100 13 | 461

6 100 20 541

7 100 29 612

8 100 28 684

9 100 38 746

10 100 45 801

78 1 100 0 100
2 100 1 199

3 100 7 292

4 100 10 382

5 100 13 469

6 100 25 544

7 100 22 622

8 100 32 690

9 100 34 756

10 100 45 811

79 1 100 2 98
2 100 3 195

3 100 10 285

4 100 10 375

5 100 22 453

6 100 20 533

7 100 20 613

8 100 34 679

9 100 39 740

10 100 55 785

80 1 100 1 99
2 100 3 196

3 100 10 286

4 100 14 372

5 100 10 462

6 100 25 537

7 100 21 616

8 100 20 696

9 100 37 759

10 100 52 807



95

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

81 1 100 2 98
2 100 3 195

3 100 7 288

4 100 16 372

5 100 14 458

6 100 21 537

7 100 18 619

8 100 34 685

9 100 39 746

10 100 44 802

82 1 100 4 96
2 100 6 190

3 100 7 283

4 100 18 365

5 100 11 454

6 100 26 528

7 100 24 604

8 100 24 680

9 100 40 740

10 100 43 797

83 1 100 1 99
2 100 3 196

3 100 4 292

4 100 13 379

5 100 18 451

6 100 28 533

7 100 23 610

8 100 25 685

9 100 33 752

10 100 61 791

84 1 100 0 100
2 100 6 194

3 100 9 285

4 100 13 372

5 100 13 459

6 100 16 543

7 100 23 620

8 100 30 690

9 100 25 765

10 100 40 825



96

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

85 1 100 1 9
2 100 1 198
3 100 9 289
4 100 11 378
5 100 8 470
6 100 25 545
7 100 29 616
8 100 30 686
9 100 41 745
10 100 52 793
86 1 100 2 98 .
2 100 2 196
3 100 5 291
4 100 10 381
5 100 9 472
6 100 23 549
7 100 28 621
8 100 34 687
9 100 36 751
10 100 54 797
87 1 100 0 100
2 100 4 196
3 100 4 292
4 100 6 386
5 1¢¢ i3 473
6 100 33 540
7 100 27 613
8 100 30 683
9 100 39 744
10 100 56 788
88 1 100 0 100
2 100 4 196
3 100 8 288
4 100 16 372
5 1c0 20 452
6 100 30 522
7 100 17 605
8 100 35 670
b7 100 35 735
10 100 41 794



97

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

89 1 100 2 98
2 100 5 193

3 100 7 286

4 100 14 372

5 100 12 460

6 100 24 536

7 100 33 603

8 100 23 680

9 100 34 746

10 100 38 808

90 1 1090 1 99
2 100 6 193

3 100 7 286

4 100 6 380

5 100 15 465

6 100 ' 19 546

7 100 25 621

8 100 32 689

9 100 35 754

10 100 43 811

91 1 100 0 100
2 100 3 197

3 100 -9 288

4 100 7 381

5 100 ig 463

6 10 20 543

7 100 22 621

8 100 33 688

9 100 46 742

10 100 46 796

92 1 100 1 99
2 100 5 194

3 100 8 286

4 100 10 376

5 ige 24 452

6 100 17 535

7 100 29 606

8 100 32 674

9 100 33 741

10 100 42 799



98

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

93 1 100 1 99
2 100 7 192

3 100 6 286

4 100 11 375

5 100 15 460

6 100 22 538

7 100 21 617

8 100 30 687

9 100 38 749

10 100 42 807

94 1 100 1 99
2 100 5 194

3 100 15 279

4 100 7 372

5 100 14 458

6 100 19 539

7 100 30 609

8 100 25 684

9 100 32 752

10 100 52 . 800

95 1 100 0 100
2 100 8 192

3 100 10 282

4 100 11 371

5 160 10 461

6 100 17 544

7 100 19 625

8 100 28 697

9 100 31 766

10 100 41 825

96 1 100 1 99
2 100 9 190

3 100 8 282

4 100 11 371

5 160 14 457

6 100 9 548

7 100 23 625

8 100 27 698

9 100 33 765

10 100 41 824



99

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

97 1 100 0 100
2 100 9 191

3 100 7 284

4 100 9 375

5 100 13 462

6 100 15 547

7 100 25 622

8 100 32 690

9 100 34 756

10 100 38 818

98 1 100 1 99
2 100 6 193

3 100 10 283

4 100 14 369

5 100 16 453

6 100 16 537

7 100 29 608

8 100 24 684

9 100 44 740

10 100 45 795

99 1 100 2 98
2 100 4 194

3 100 10 284

4 100 7 3717

5 1eo i7 4690

6 100 17 543

7 100 22 621

8 100 28 693

9 100 36 757

10 100 38 819

100 1 100 0 100
2 100 4 196

3 100 13 283

4 100 10 373

5 100 17 56

6 100 18 538

7 100 23 615

8 100 27 688

S 100 37 751

10 100 34 817



100

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

101 1 1,000 3 997
2 11l 11 997
3 31 31 997
4 55 55 997
5 65 65 997
6 81 81 997
7 92 93 996
8 78 78 996
9 84 85 995

10 91 91 995
11 79 79 995
12 92 92 995
13 90 90 995
14 109 110 994
15 125 125 994

102 1 1,000 5 995
2 15 16 994
3 24 24 994
4 51 51 994
5 54 54 994
) 79 80 993
7 99 99 993
8 69 69 993
9 94 94 993

10 74 74 993
ii iili 112 992
12 92 92 992
13 94 94 992
14 88 88 992 -

15 98 98 992



101

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

103 1 1,000 3 997
2 5 5 997
3 34 34 997
4 45 45 997
5 51 51 997
6 68 68 997
7 83 83 997
8 63 63 997
9 88 88 997

10 95 95 997
11 89 90 996
12 94 94 996
13 93 94 995
14 103 104 994
15 120 120 994

104 1 1,000 3 997
2 17 17 997
3 29 30 996
4 34 34 996
5 57 57 996
) 63 63 996
7 86 87 995
8 72 72 995
9 92 93 994

10 106 106 994
HS 57 S7 354
12 104 104 994
13 96 98 992
14 91 91 992

15 115 115 992



102

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

105 1 1,000 3 997
2 19 19 997
3 32 33 996
4 51 51 996
5 70 70 996
6 81 82 995
7 87 .87 995
8 89 89 995
9 76 76 995

10 91 92 994
11 96 97 993
12 106 106 993
13 92 93 992
14 102 102 992
15 110 112 990

106 1 1,000 5 995
2 14 14 995
3 19 19 995
4 46 46 995
5 58 58 995
6 74 74 995
7 75 75 995
8 81 81 995
9 91 92 994

10 86 86 994
11 g 100 293
12 97 98 992
13 82 82 992
14 111 113 990

15 107 107 990



103

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

107 1 1,000 3 997
2 17 17 997
3 22 22 997
4 46 47 996
5 53 54 995
6 91 92 994
7 93 93 994
8 91 92 993
9 87 87 993

10 81 81 993
11 88 88 993
12 104 - 104 993
13 100 100 993
14 85 86 992
15 117 118 991

108 1 1,000 3 997
2 16 16 997
3 24 24 997
4 37 37 997
5 65 65 997
6 78 79 9396
7 70 70 996
8 98 99 995
9 95 95 995

10 717 77 995
1l 79 7% 555
12 97 97 995
13 114 115 994
14 110 110 994

15 125 125 994



104

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

109 1 1,000 2 : 998
2 13 13 998
3 23 23 998
4 33 33 998
5 73 73 998
6 82 82 998
7 78 78 998
8 87 87 998
9 98 99 997

10 100 10l 996
11 92 93 995
12 109 110 994
13 83 83 994
14 99 99 994
15 85 85 994

110 1 1,000 1 999
2 13 13 999
3 23 23 999
4 54 54 999
5 51 51 999
6 80 80 999
7 94 94 999
8 88 88 999
9 85 85 999

10 109 109 999
11 92 S2 555
12 88 88 999
13 92 94 997
14 94 94 997
15 83 84 996



105

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

111 1 1,000 3 997
2 16 - 16 997
3 24 24 997
4 47 47 997
5 58 59 996
6 79 79 996
7 77 77 996
8 78 78 996
9 89 , 90 995

10 91 92 994
11 92 95 991
12 105 105 991
13 102 102 991
14 106 106 991
15 116 116 991

112 1l 1,000 2 998
2 11 11 998
3 24 24 998
4 41 41 998
5 51 51 998
6 80 80 9598
7 77 78 997
8 100 101 996
9 83 84 995

10 88 89 994
11 52 52 SS4
12 105 105 994
13 93 93 994
14 91 91 994

15 107 108 993



106

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

1,000 9 991

113 1

2 13 13 991
3 29 30 990
4 49 50 989
5 52 52 989
6 79 79 989
7 79 | 79 989
8 85 85 989
9 92 92 989
10 82 82 989
11 102 103 988
12 73 73 988
13 99 100 987
14 92 94 985
15 93 93 985
114 1 1,000 5 995
2 10 10 995
3 28 28 995
4 40 42 993
5 69 69 993
6 82 83 992
7 71 71 992
8 98 98 992
9 89 89 992
10 96 96 992
11 97 97 992
12 84 84 992
13 96 97 991
14 100 100 991

15 101 101 991



107

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

115 1l 1,000 2 998
2 11 11 998
3 39 39 998
4 43 43 998
5 61 61 998
6 75 75 998
7 70 71 997
8 82 82 997
9 106 106 997

10 91 91 997
11 102 103 996
12 99 99 : 996
13 102 102 996
14 102 103 995
15 100 100 995

116 1 1,000 6 994
2 17 17 994
3 21 21 994
4 43 43 994
5 57 57 994
6 74 74 9594
7 78 78 994
8 106 107 993
9 83 83 993

10 93 94 992
i 106 187 Ssl
12 97 97 991
13 104 105 590
14 84 84 990

15 101 101 990



108

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

117 1 1,000 ' 4 996
2 20 20 996
3 26 26 996
4 42 42 996
5 66 66 996
6 63 64 995
7 78 78 995
8 88 88 995
9 101 101 995

10 87 87 995
11 84 84 995
12 105 105 995
13 106 106 995
14 106 106 995
15 90 91 994
118 1l 1,000 3 997
2 18 18 997
3 25 25 997
4 45 45 997
5 62 62 997
6 88 88 997
7 88 88 997
8 82 82 997
9 83 83 997
10 85 85 997
11 101l 101 557
12 93 923 997
13 96 97 996
14 92 92 996

15 115 115 996



109

Sample Year Additions Retirements Balances
(Middle of year) (During year) = (End of year)

119 1 1,000 3 997
2 17 17 - 997

3 27 27 997

4 47 48 996

5 65 65 996

6 89 89 996

7 77 77 996

8 90 90 996

9 79 81 994
10 89 89 994
11 89 90 993
12 97 99 991
13 103 - 103 991
14 98 98 991
15 91 91 991
120 1 1,000 3 997
-2 15 15 997
3 26 26 997

4 33 33 997

5 80 80 997

6 68 68 997

7 86 87 996

8 84 85 995

9 82 82 995
10 105 105 995
11 112 112 995
12 100 101 994
13 118 119 993
14 103 103 993
15 102 102 993



110

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

121 1 1,000 4 996
2 16 16 996
3 33 33 996
4 32 32 996
5 62 64 994
6 72 72 994
7 69 70 993
8 87 87 993
9 95 95 993

10 85 85 993
11 98 98 993
12 100 100 993
13 96 97 992
14 110 110 992
15 103 103 992

122 1 1,000 5 995

2 12 12 995
'3 36 36 995
4 54 54 995
5 53 53 995
6 67 67 995
7 82 82 995
8 79 79 995
9 96 97 994
10 79 79 994
il 103 104 993
12 98 98 993
13 94 95 992
14 101 103 990

15 101 101 990



111

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

123 1 1,000 6 994
2 16 16 994
3 25 25 994
4 50 50 994
5 6l 61 994
6 74 75 993
7 80 80 993
8 75 75 993
9 81 82 992

10 96 98 990
11 96 96 990
12 103 103 990
13 104 104 990
14 100 100 990
15 98 98 990

124 1 1,000 2 998
2 11 11 998
3 22 22 998
4 51 51 998
5 60 60 998
6 60 60 998
7 85 85 998
8 81 81 998
9 103 103 998

10 90 90 998
11 124 124 998
12 94 94 998
13 89 89 998
14 100 100 998

15 105 105 998



112

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

125 1 1,000 3 997
2 9 9 997
3 26 28 995
4 44 44 995
5 69 69 995
6 85 85 995
7 76 76 995
8 79 79 995
9 74 74 995

10 88 88 995
11 88 88 995
12. 85 86 994
13 10l 101 994
14 105 105 994
15 104 : 104 994

126 1 1,000 1 999
2 7 7 999
3 38 38 999
4 44 44 999
5 53 53 999
6 61 61 999
7 77 77 999
8 82 84 997
9 101 102 996

10 100 100 996
HH Si 91 996
12 90 91 995
13 84 84 995
14 84 84 995

15 102 102 995



113

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

127 1 1,000 6 994
2 17 17 994
3 28 28 994
4 46 47 993
5 64 64 993
6 77 77 993
7 99 99 993
8 80 80 993
9 104 104 993

10 81 81 993
11 102 102 993
12 90 90 993
13 105 105 993
14 109 109 993
15 1ol 101 993

128 1 1,000 2 998
2 13 13 998
3 22 23 997
4 43 43 997
5 51 51 997
6 87 88 996
7 73 73 996
8 95 95 996
9 89 89 996

10 95 96 995
ii 81 82 994
12 100 100 994
13 92 92 994
14 80 80 994

15 102 102 994



114

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

129 1 1,000 4 996
2 18 18 996
3 37 37 996
4 44 44 996
5 53 53 996
6 78 79 995
7 75 75 995
8 87 88 994
9 84 84 994

10 101 101 994
11 77 717 994
12 87 87 994
13 97 98 ' 993
14 104 - 104 993
15 107 107 993

130 1 1,000 6 994
2 10 10 994
3 23 23 994
4 34 34 994
5 56 56 994
6 73 73 994
7 76 76 994
8 70 70 994
9 76 76 994

10 91 91 994
e 157 108 553
12 94 94 993
13 106 106 993
14 91 91 993

15 96 96 993



115

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

131 1 1,000 5 995
2 12 12 995
3 20 21 994
4 40 40 994
5 50 50 994
6 72 73 993
7 91 91 993
8 75 75 993
9 87 87 993

10 92 92 993
11 95 95 993
12 93 93 993
13 103 103 993
14 112 112 993
15 110 110 993

132 1 1,000 5 995
2 10 10 995
3 40 40 995
4 36 36 995
5 60 60 995
6 83 83 995
7 77 78 994
8 91 91 994
9 87 88 993

10 95 98 990
1 103 164 585
12 101 101 989
13 104 104 989
14 107 107 989

15 117 . 117 989



116

Sample Year Additions Retirements Balances
(Middle of year) (During year) . (End of year)

133 1 1,000 10 990
2 14 14 990
3 32 32 990
4 40 40 990
5 48 48 990
6 69 69 990
7 80 80 990
8 98 98 990
9 84 84 990

10 98 98 990
11 96 96 990
12 123 123 990
13 110 110 990
14 101 101 990
15 10l 101 990

134 1 1,000 9 991
2 13 13 991
3 25 25 991
4 55 55 991
5 66 67 990
6 69 70 989
7 75 75 989
8 95 926 988
9 85 85 988

10 80 80 988
il 8o 86 988
12 93 93 988
13 92 92 988
14 116 117 987

15 93 93 987



117

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

135 1 1,000 3 : 997
2 14 14 997
3 24 25 996
4 50 50 996
5 67 67 996
6 69 70 . 995
7 84 85 994
8 79 79 994
9 98 98 994

10 85 85 994
11 94 94 994
12 98 98 994
13 104 107 994
14 119 119 994
15 93 - 94 993

136 1 1,000 5 995
2 14 14 ' 995
3 41 41 995
4 49 49 995
5 51 51 995
6 74 74 995
7 84 84 995
8 82 83 994
9 106 106 994

10 81 82 993
il 53 33 553
12 94 94 993
13 96 96 993
14 110 110 993

15 93 94 992



118

Sample Year . Additions Retirements Balances
(Middle of year) (During year) (End of year)

137 1 1,000 4 996
2 20 20 996
3 25 26 995
4 43 43 995
5 66 66 995
6 75 75 995
7 81l 81 995
8 89 89 995
9 91 91 995

10 87 87 995
11 88 : 88 995
12 88 88 995
13 95 96 994
14 114 115 993
15 91 91 993

138 1 1,000 3 997
2 16 16 997
3 24 24 997
4 49 50 996
5 65 65 996
6 68 68 996
7 82 82 996
8 93 94 995
9 83 83 995

10 97 97 995
i1 1ii 1ii 995
12 83 83 995
13 98 98 995
14 105 105 995

15 89 89 995



119

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

139 1 1,000 3 997
2 13 14 996
3 22 22 996
4 54 54 996
5 58 58 996
6 66 66 996
7 89 90 995
8 83 83 995
9 82 | 82 995

10 99 100 994
11 103 103 994
12 118 119 993
13 111 112 992
14 113 113 992
15 90 91 991

140 1 1,000 6 994
2 13 13 994
3 32 32 994
4 48 48 994
5 64 64 994
6 58 58 994
7 85 86 993
8 91 91 993
9 80 81 992

10 95 95 992
ii 91 91 992
12 89 89 992
13 118 118 992
14 102 103 991

15 96 96 991



120

Sample Year

Additions
(Middle of year)

Retirements
(During year)

Balances
(End of year)

141

142

WO~ W -

10

1,000
15
27
49
59
88
80
90
93

106
87
89

100

103

116

1,000
22
18
37
63
62
89
76
91
96
S50

103
98
92

108

103

109

994
994
994
994
994
994
994
992
992
991
991
991
991
990
9290

994
993
993
993
993
992
992
992
992
992
992
992
992
992
991



121

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

143 1 1,000 3 997
2 12 ' 12 997
3 27 27 997
4 28 28 997
5 73 74 996
6 84 84 996
7 8l 82 995
8 67 68 994
9 90 90 994

10 86 86 994
11 97 97 994
12 122 122 994
13 100 100 994
14 89 90 993
15 121 121 . 993

144 1 1,000 2 998
2 14 14 998
3 25 25 998
4 52 52 998
5 55 55 998
6 74 74 998
7 90 90 998
8 79 79 998
9 94 94 998

10 96 96 998
il 838 88 558
12 89 89 998
13 86 86 998
14 97 97 998

15 117 117 998



122

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

145 1 1,000 3 997
2 10 10 997
3 23 23 997
4 50 50 997
5 55 55 997
6 72 72 997
7 78 78 997
8 91 92 996
9 75 75 996

10 80 81 995
11 88 88 995
12 109 110 994
13 105 105 994
14 105 105 994
15 106 107 993

146 1 1,000 6 994
2 15 15 994
3 31 31 994
4 50 50 994
5 60 60 994
6 65 66 993
7 91 91 993
8 74 75 992
9 69 69 992

10 93 93 992
11 99 100 991
12 106 106 991
13 95 95 991
14 112 112 ' 991

15 94 94 991



123

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

147 1 1,000 3 997
2 11 11 997
3 27 27 997
4 30 30 997
5 58 58 997
6 70 70 997
7 96 96 997
8 78 78 997
9 88 89 996

10 89 89 996
11 108 108 996
12 102 103 995
13 104 104 995
14 104 104 995
15 111 112 994

148 1 1,000 7 993
2 11 11 993
3 14 14 993
4 52 52 993
5 64 64 993
6 80 81 992
7 85 85 992
8 86 88 990
9 90 91 989

10 99 99 989
11 S4 94 989
12 121 121 989
13 100 100 989
14 95 95 989

15 106 106 989



124

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

149 1 1,000 2 998
2 16 16 998
3 26 26 998
4 34 34 998
5 59 59 998
6 72 72 298
7 76 76 - 998
8 84 84 998
9 109 109 998

10 84 84 998
11 97 98 997
12 88 88 997
13 102 103 996
14 94 94 996
15 93 94 995

150 1 1,000 8 992
2 7 7 992
3 18 18 992
4 42 42 992
5 63 63 992
6 89 90 991
7 81 81 991
8 77 78 990
9 91 91 990

10 85 85 990
H 56 57 989
12 88 88 989
13 99 99 989
14 85 85 989

15 101 102 988



125

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

151 1 1,000,000 3,880 996,120
2 13,860 13,860 996,120
3 27,320 27,320 996,120
4 45,210 45,210 996,120
5 62,170 - 62,000 996,090
6 72,790 72,860 996,020
7 82,150 82,190 995,980
8 85,980 86,010 995,950
9 88,800 88,720 996,030

10 93,190 93,220 996,000
11 96,680 96,650 996,030
12 97,060 97,080 996,010
13 98,990 98,900 996,100
14 101,010 100,960 996,150
15 103,420 103,370 996,200

152 1 1,000,000 3,870 996,130
2 15,130 15,100 996,160
3 28,320 28,340 996,140
4 44,530 44,570 996,100
5 62,030 62,020 996,110
6 74,560 74,560 996,110
7 82,000 81,990 996,120
8 85,890 86,050 996,050
9 88,740 88,750 996,040

10 94,870 94,940 995,970
11 24,830 54,820 556,000
12 96,640 96,790 995,850
13 99,610 99,590 995,870
14 100,630 100,600 995,900

15 100,790 100,770 995,920



126

Sample Year Additions

(Middle of year)

Retirements
(During year)

Balances
(End of year)

153

1 1,000,000 3,670 996,330
2 14,380 14,380 996,330
3 28,550 28,580 996,300
4 44,100 44,080 996,320
5 61,250 61,270 996,300
6 73,790 73,860 996,230
7 81,120 81,070 996,280
8 87,270 87,270 996,280
9 89,950 89,930 996,300
10 92,120 92,100 99,320
11 94,920 94,190 996,330
12 97,420 97,380 996,370
13 99,790 99,890 996,270
14 100,780 100,730 996,320
15 102,220 102,170 996,370
154 1 1,000,000 3,560 996,440
2 14,320 14,320 996,440
3 27,120 27,130 996,430
4 44,990 44,960 996,460
5 61,380 61,430 996,410
6 74,300 74,250 296,460
7 81,560 81,580 996,440
8 85,570 85,630 996,380
9 89,780 89,700 996,460
10 93,410 93,440 996,430
11 95,620 95.610 996 ;440
12 98,540 98,540 996,440
13 99,700 99,660 996,480
14 101,240 101,210 996,510
15 103,270 103,270 996,510



127

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

155 1 1,000,000 3,710 996,290
2 14,390 14,350 996,330
3 27,710 27,720 996,320
4 44,890 44,850 996,360
5 60,200 60,290 996,270
6 74,250 74,360 996,160
7 81,870 81,880 996,150
8 86,430 86,360 996,220
9 88,820 88,760 996,280

10 92,680 92,640 996,320
11 96,440 96,460 996,300
12 98,830 98,910 996,220
13 99,480 99,390 996,310
14 101,010 100,980 996,340
15 100,810 100,770 996,380

156 1 1,000,000 3,490 996,510
2 14,460 14,440 996,530
3 27,690 27,710 996,510
4 44,140 44,080 996,570
5 60,550 60,580 996,540
6 74,920 74,940 996,520
7 80,980 80,940 996,560
8 85,020 85,120 996,460
9 91,380 91,490 996,350

10 93,660 93,560 996,450
11 95,500 95,540 996,410
12 96,710 96,620 996,500
13 98,980 98,990 996,490
14 99,730 99,730 996,490

15 101,240 101,400 996,330



128

Sample Year Additions

(Middle of year)

Retirements
(During year)

Balances
(End of year)

157 1 1,000,000 4,010 995,990
2 14,520 14,500 996,010
3 27,500 27,490 996,020
4 44,7990 44,810 996,000
5 61,790 61,780 996,010
6 75,010 75,080 995,940
7 82,380 82,410 995,910
8 86,520 86,630 995,800
9 89,080 89,110 995,770

10 91,430 91,430 995,770
11 96,770 96,660 995,880
12 97,600 97,680 995,800
13 98,990 99,030 995,760
14 100,520 100,570 995,719
15 101,850 101,830 995,730

158 1 1,000,000 3,730 996,270
2 14,890 14,870 996,290
3 28,260 28,310 996,240
4 44,410 44,390 996,260
5 61,320 61,350 996,230
6 74,670 74,760 996,140
7 80,590 80,620 996,110
8 85,780 85,900 995,990
9 90,340 90,360 995,970

10 91,150 91,090 996,030
i1 56,010 56,130 555,910
12 97,730 97,670 995,970
13 99,480 - 99,480 995,970
14 100,700 100,570 996,100
15 100,540 100,520 996,120



129

Sample Year Additions

(Middle of year)

Retirements
(During year)

Balances
(End of year)

159 1 1,000,000 3,800 996,200
2 14,170 14,240 996,130
3 28,360 28,440 996,050
4 44,420 44,440 996,030
5 61,930 61,910 996,050
6 74,840 74,860 996,030
7 82,730 82,710 996,050
8 86,520 86,490 996,080
9 87,910 87,910 996,080

10 92,040 92,040 996,080
11 95,120 95,150 996,050
12 98,770 98,870 995,950
13 100,270 100,220 996,000
14 101,610 101,860 995,750
15 100,660 100,640 995,770

160 1 1,000,000 3,630 996,370
2 14,910 14,920 996,360
3 28,490 28,560 996,290
4 44,110 44,050 996,350
5 61,490 61,530 996,310
6 74,420 74,470 556,260
7 82,110 82,110 996,260
8 84,140 84,170 996,230
9 90,130 90,120 996,240

10 91,520 91,510 996,250
11 24,15¢ 24,180 556,210
12 98,860 98,890 996,180
13 99,490 99,430 996,240
14 100,100 100,020 996,320
15 102,210 102,250 996,280



130

Sample Year Additions

(Middle of year)

Retirements
(During year)

Balances
(End of year)

l6l 1,000,000 3,730

1 996,270
2 14,290 14,270 996,290
3 28,050 28,050 996,290
4 44,910 44,930 996,270
5 60,500 60,500 996,270
6 74,560 74,620 996,210
7 81,080 81,070 996,220
8 86,010 86,010 996,220
9 89,570 89,530 996,260
10 93,200 93,220 996,240
11 96,330 96,380 996,190
12 99,240 99,110 996,320
13 100,890 100,850 996,360
14 101,790 101,790 996,360
15 100,760 100,720 996,400
162 1 1,000,000 3,720 996,280
2 14,250 14,260 996,270
3 28,360 28,420 996,210
4 45,310 45,330 996,190
5 59,620 59,620 996,190
6 74,200 74,180 996,210
7 81,960 81,990 996,180
8 85,910 85,770 996,320
9 88,590 88,540 996,370
10 93,460 93,480 996,350
11l 96,980 97,130 996,200
12 98,150 98,070 996,280
13 97,350 97,350 996,280
14 101,950 101,940 996,290
15 101,790 101,810 996,270



131

Sample Year Additions

(Middle of year)

Retirements
{(During year)

Balances
(End of year)

163 1 1,000,000 3,780 996,220
2 14,580 14,590 996,210
3 27,890 27,910 996,190
4 44,520 44,490 996,220
5 61,690 61,720 996,190
6 74,100 74,100 996,190
7 80,970 80,990 996,170
8 86,070 86,060 996,180
9 89,040 89,040 996,180

10 93,090 93,120 996,150
11 93,840 93,880 996,110
12 99,600 99,640 996,070
13 99,710 99,780 996,000
14 99,480 99,390 996,090
15 100,500 100,500 996,090

164 1 1,000,000 3,890 996,110
2 14,460 14,470 996,100
3 28,340 28,350 996,090
4 44,800 44,840 996,050
5 61,400 61,380 996,070
6 75,840 85,800 996,110
7 80,830 80,830 996,110
8 84,350 84,370 996,090
9 90,430 90,400 996,120

10 92,800 92,780 996,140
il 54,3870 54,520 556,050
12 97,020 97,030 996,080
13 98,900 98,860 996,120
14 101,430 101,490 996,060
15 102,180 996,080

102,160



132

Sample Year Additions

(Middle of year)

Retirements
(During year)

Balances
(End of year)

165 1 1,000,000 3,440 996,560
2 14,760 14,770 996,550
3 28,050 28,050 996,550
4 45,150 45,140 996,560
5 60,650 60,670 996,540
6 73,540 73,590 996,490
7 82,150 82,140 996,500
8 85,280 85,360 996,420
9 89,440 89,450 996,410

10 93,120 93,140 996,390
11 94,840 94,780 996,450
12 98,400 98,410 996,440
13 100,560 100,520 996,480
14 100,600 100,710 996,370
15 102,630 102,750 996,250

166 1l 1,000,000 3,590 996,410
2 14,370 14,370 996,410
3 27,270 27,300 996,380
4 43,510 43,510 996,380
5 61,660 61,720 996,320
6 74,640 74,640 996,320
7 82,330 82,310 996,340
8 86,440 86,540 996,240
9 89,140 89,140 996,240

10 91,770 91,770 996,240
ii 96,910 96,860 996,290
12 95,580 98,590 996,280
13 101,960 101,900 996,340
14 99,930 99,970 996,300
15 102,020 102,090 996,230



133

Sample Year Additions

(Middle of year)

Retirements
(During year)

Balances
(End of year)

167 1 1,000,000 3,690 996,310
2 14,980 15,020 996,270

3 27,970 27,960 996,280

4 45,140 45,080 996,340

5 61,380 61,270 996,450

6 74,480 74,500 996,430

7 83,220 83,120 996,530

8 83,710 83,750 996,490

9 89,490 89,460 996,520

10 92,530 92,530 996,520

11 94,950 94,870 996,600

12 98,330 98,330 996,600

13 100,530 100,640 996,490

14 100,000 99,940 996,550

15 103,870 103,850 996,570

168 1 1,000,000 3,430 996,570
’ 2 : 14,450 14,490 996,530
3 28,470 28,540 996,460

4 43,310 43,320 996,450

5 61,550 61,540 996,460

6 74,620 74,600 926,480

7 82,120 82,060 996,540

8 86,420 86,490 996,470

9 88,390 88,420 996,440

10 92,970 92,960 996,450

11 96,580 a¢g,500 996,520

12 98,970 99,060 996,440

13 99,890 - 99,950 996,380

14 102,280 102,400 996,260

15 101,850 101,900 996,210



134

Sample Year Additions

(Middle of year)

Retirements
(During year)

Balances
(End of year)

169 1 1,000,000 3,730 996,270
2 14,720 14,700 996,290
3 27,570 27,550 996,310
4 45,720 45,720 996,310
5 61,600 61,640 996,270
6 75,590 75,560 996,300
7 82,930 83,010 996,220
8 85,190 85,240 996,170
9 87,840 87,770 996,240

10 91,330 91,330 996,240
11 94,390 94,380 996,250
12 96,180 96,090 996,340
13 100,390 100,470 996,260
14 100,580 100,690 996,150
15 101,270 101,280 996,140

170 1 1,000,000 3,630 996,370
2 14,700 14,700 996,370
3 28,050 28,040 996, 380
4 44,970 45,000 996,350
5 61,400 61,390 996,360
6 74,4590 74,630 996,220
7 82,940 82,920 996,240
8 87,740 87,610 996,370
9 90,160 90,200 996,310

10 92,930 92,880 996,360
i1 55,050 55,180 556,260
12 98,310 98,260 996,310
13 98,190 98,210 996,290
14 101,140 101,080 996,350
15 102,460 102,430 996,380



135

Sample Year Additions

(Middle of year)

Retirements
(During year)

Balances
(End of year)

171

1 1,000,000 3,610 996,150
2 14,360 14,340 996,410
3 27,180 27,230 996,360
4 43,410 43,460 996,310
5 61,980 61,980 996,310
6 74,770 74,740 996,340
7 82,200 82,320 996,220
8 85,420 85,550 996,090
9 89,960 89,970 996,080
10 92,890 92,790 996,180
11 96,400 96,430 99,150
12 98,490 98,390 996,250
13 100,880 100,880 996,250
14 101,780 101,770 996,260
15 100,510 100,540 996,230
172 1 1,000,000 3,880 996,120
2 14,490 14,490 996,120
3 28,630 28,640 996,110
4 44,790 44,810 996,090
5 60,090 60,150 996,030
6 75,120 75,160 985,850
7 80,450 80,400 996,040
8 87,510 87,450 996,100
9 89,410 89,370 996,140
10 93,910 93,880 996,170
1 23,230 25,278 996,130
12 98,680 98,630 996,180
13 100,750 100,810 996,120
14 101,750 101,680 996,190
15 102,180 102,220 996,150



136

Additions
(Middle of year)

Sample Year Retirements

(During year)

Balances
(End of year)

173

1 1,000,000 3,980 996,020
2 14,680 14,640 996,060
3 27,730 27,690 996,100
4 43,950 44,020 996,030
5 59,070 59,130 995,970
6 74,560 74,550 995,980
7 81,790 81,810 995,960
8 86,890 86,950 995,900
9 88,680 88,710 995,870
10 93,390 93,430 995,830
11 94,790 94,840 995,780
12 100,210 100,270 995,720
13 99,600 99,680 995,640
14 100,960 100,880 995,720
15 100,380 100,350 995,750
174 1 1,000,000 3,600 996,400
2 15,000 15,000 996,400
3 27,180 27,150 996,430
4 45,090 45,120 996,400
5 61,630 61,640 996,390
6 76,080 76,070 996,400
7 82,590 82,710 996,280
8 86,240 86,170 996,350
9 88,950 88,940 996,360
10 92,400 92,340 996,420
11 94,630 94,610 996,440
12 98,830 98,830 996,440
13 99,560 99,550 996,450
14 100,660 100,680 996,430
15 102,090 102,030 996,490



137

Additions
(Middle of year)

Sample Year Retirements

(During year)

Balances
(End of year)

1,000,000 3,770

175 1 996,230
2 14,930 14,910 996,250
3 29,190 29,200 996,240
4 44,350 44,380 996,210
5 62,050 62,010 996,250
6 74,130 74,070 996,310
7 82,890 82,950 996,250
8 85,900 85,900 996,250
9 89,310 89,310 996,250

10 93,740 93,760 996,230
11 96,120 96,070 996,280
12 96,770 96,780 996,270
13 97,990 98,010 996,250
14 100,310 100,380 996,180
15 102,460 102,510 996,130

176 1 1,000,000 3,690 996,310
2 14,010 13,980 996,340
3 28,300 28,310 996,330
4 44,760 44,760 996,330
5 59,910 59.940 996,300
6 74,400 74,410 996,290
7 82,030 81,990 996,330
8 86,850 86,850 996,330
9 89,450 - 89,460 996,320

10 92,810 92,990 996,140
11 94,590 94,590 996,140
12 98,520 98,410 996,250
13 100,120 100,090 996,280
14 100,950 100,990 996,240
15 102,000 101,980 996,260



138

Sample Year Additions

(Middle of year)

Retirements
(During year)

Balances
(End of year)

177

1 1,000,000 3,670 996,330
2 14,940 14,920 996,350
3 27,900 27,900 996,350
4 45,280 45,280 996,350
5 62,210 62,150 996,410
6 75,300 75,340 996,370
7 83,440 .83,400 996,410
8 85,930 85,970 996,370
9 89,190 89,170 996,390
10 93,200 93,230 996,360
11 94,420 94,460 996,320
12 97,730 97,740 996,310
13 99,900 99,920 996,290
14 100,200 100,150 996,340
15 103,370 103,420 996,290
178 1 1,000,000 3,600 996,400
2 14,310 14,290 996,420
3 28,150 28,110 996,460
4 43,130 43,100 996,490
5 61,000 60,990 996,500
6 74,650 74,640 996,510
7 80,000 80,720 996,590
8 86,650 86,700 996,490
9 88,950 88,960 996,530
10 93,850 93,830 996,550
11 95,390 95,430 996,510
12 97,620 97,640 996,490
13 100,420 100,410 996,500
14 101,650 101,640 996,510
15 101,460 101,370 996,600



139

Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

179 1 1,000,000 3,550 996,450
2 15,130 15,120 996,460
3 27,830 27,840 996,450
4 44,540 44,520 996,470
5 61,200 61,250 996,420
6 74,300 74,180 996,540
7 82,510 82,520 996,530
8 87,130 87,090 996,570
9 90,290 90,300 996,560

10 93,600 93,610 996,550
11 95,420 95,390 996,580
12 98,330 98,470 996,440
13 99,000 98,970 996,470
14 102,310 102,310 996,470
15 102,030 102,100 996,400

180 1 1,000,000 3,570 996,430
2 14,640 14,610 996,460
3 27,680 27,670 996,470
4 44,740 44,700 996,510
5 60,890 60,870 996,530
6 75,500 75,390 : 996,640
7 81,880 81,890 996,630
8 86,540 86,530 996,640
9 89,930 89,850 996,720

10 93,570 93,500 996,790
11 95,170 95,190 996,770
12 97,340 97,430 996,680
13 98,380 98,310 996,750
14 101,110 101,010 996,850

15 100,310 100,400 996,760
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

181 1 1,000,000 3,630 996,370
2 15,060 15,040 996,390
3 29,040 92,090 996,340
4 45,740 45,760 996,320
5 62,110 62,100 996,330
6 73,280 73,300 996,310
7 82,740 82,760 996,290
8 86,800 86,780 996,310
9 88,320 88,280 996,350

10 93,010 92,940 996,420
11 95,430 95,350 996,500
12 97,250 97,270 996,480
13 99,460 99,470 996,470
14 100,800 100,800 996,470
15 102,770 102,740 996,500

182 1 1,000,000 3,690 996,310
2 14,400 14,370 996,340
3 27,450 27,460 996,330
4 44,740 44,730 996,340
5 60,220 60,150 996,410
6 75,200 75,170 996,440
7 82,290 82,200 996,530
8 85,820 85,700 996,650
9 90,160 90,130 996,680

10 94,660 94,610 996,730
11 95,120 95,180 996,670
12 97,490 97,440 996,720
13 99,410 99,290 996,840
14 101,820 101,800 996,860

15 102,590 102,630 996,820
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

183 1 1,000,000 3,980 996,110
2 14,160 14,160 996,110
3 27,940 27,930 996,120
4 43,400 43,470 996,050
5 61,020 60,960 996,110
6 74,410 74,390 996,130
7 82,120 82,150 996,100
8 86,390 86,490 996,000
9 89,760 89,820 995,940

10 93,630 93,670 995,900
11 95,390 95,420 995,870
12 97,670 97,680 995,860
13 100, 640 100,690 995,810
14 103,060 103,050 995,820
15 99,490 99,450 995,860

184 1 1,000,000 3,550 996,450
2 14,390 14,440 996,400
3 28,190 28,170 996,420
4 44,100 44,070 996,450
5 62,880 62,820 996,510
6 73,840 73,840 996,510
7 82,610 | 82,680 996,440
8 85,950 85,860 996,530
9 88,950 89,000 996,480

10 91,110 91,150 996,440
i1 85,280 $5,340 85§, 3580
12 96,770 96,810 996,340
13 98,080 98,030 996,390
14 101,960 101,960 996,390

15 101,550 101,470 996,470
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

185 1 1,000,000 3,530 996,470
2 14,870 14,870 996,470
3 28,490 28,480 996,480
4 44,410 44,470 996,420
5 61,290 61,280 996,430
6 75,230 75,320 996,340
7 83,090 83,090 996, 340
8 86,660 86,660 996,340
9 89,990 89,960 996,370

10 92,390 92,450 996,310
11 97,050 97,160 996,200
12 98,170 98,240 996,130
13 98,520 98,520 996,130
14 100,510 100,500 996,140
15 100,350 100,360 996,130

186 1 1,000,000 3,360 996,640
2 14,650 14,620 996,670
3 27,970 27,970 996,700
4 45,510 45,530 996,680
5 62,660 62,640 996,700
6 74,780 74,780 996,700
7 82,070 82,050 996,720
8 85,820 85,890 996,650
9 89,100 89,200 996,550

10 92,110 92,270 996,400
il 56,810 50,800 556,400
12 96,950 25,960 996,390
13 99,370 99,330 996,430
14 100,410 100,380 996,460

15 100,070 100,130 996,400
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Sample Year Additions

(Middle of year)

Retirements
(During year)

Balances
(End of year)

187 1 1,000,000 3,700 996,300
2 13,980 12,900 996,290
3 28,580 28,560 996,310
4 44,690 44,680 996,320
5 61,520 . 61,500 996,340
6 73,830 73,780 996,390
7 81,860 81,590 996,410
8 85,530 85,460 996,380
9 89,690 89,790 996,380

10 91,910 91,900 996,390
11 96,740 96,760 996,370
12 97,400 97,360 996,410
13 100,790 100,770 996,430
14 101,980 102,120 996,290
15 100,880 101,050 996,120

188 1 1,000,000 3,750 996,250
2 14,010 13,980 996,280
3 28,680 28,690 996,270
4 44,120 44,180 996,210
5 61,500 61,500 996,210
6 75,360 75,310 996,260
7 81,030 81,180 996,110
8 86,030 86,050 996,090
9 90,620 90,590 996,120

10 93,770 93,860 996,030
ii 35,140 55,200 585,570
12 98,720 98,740 995,950
13 98,490 98,350 996,090
14 101,610 101,600 996,100
15 101,210 101,160 996,150
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

189 1 1,000,000 3,690 996,310
2 14,360 14,390 996,280
3 28,240 28,240 996,280
4 44,860 44,870 996,270
5 62,190 62,180 996,280
6 75,690 75,690 996,220
7 82,080 82,040 996,260
8 85,550 85,600 996,210
9 90,990 90,970 996,230

10 92,940 92,900 996,270
11 95,360 95,330 996,300
12 96,630 96,640 996,290
13 98,190 98,160 996,320
14 102,300 102,370 996,250
15 103,230 103,310 996,170

190 1 1,000,000 3,640 996,360
2 14,400 14,400 996,360
3 27,830 27,770 996,420
4 44,430 44,420 996,430
5 59,550 59,600 996,380
6 74,690 74,770 896,300
7 82,300 82,210 996,390
8 88,060 88,080 996,370
9 88,340 88,370 996,340

10 93,810 93,690 996,460
11 9¢g,480 2g,440 90g, 500
12 97,410 97,360 996,550
13 99,440 99,460 996,530
14 99,420 99,420 996,530

15 102,670 120,660 996,540
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

191 1 1,000,000 3,420 996,580
2 14,420 14,410 996,590
3 27,660 27,620 996,630
4 46,210 46,260 996,580
5 59,670 59,680 996,570
6 72,840 72,900 996,510
7 81,660 81,750 996,420
8 85,480 85,480 996,420
9 89,390 89,360 996,450

10 92,340 - 92,270 996,520
11 95,650 95,670 996,500
12 98,870 98,790 996,580
13 99,840 99,760 996,660
14 101,510 101,580 996,590
15 101,250 101,220 996,620

192 1 1,000,000 4,060 995,940
2 14,700 14,710 995,930
3 27,540 27,550 995,920
4 45,610 45,640 995,890
5 60,810 60,850 995,850
6 75,670 75,650 995,870
7 81,010 81,050 995,830
8 85,690 85,810 995,710
9 90,030 90,010 995,740

10 94,580 94,520 995,790
11 95,770 95,840 995,720
12 97,560 97,500 995,780
13 99,160 99,180 995,760
14 98,790 98,790 995,760

15 101,230 101,300 995,690
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Sample Year

Additions
(Middle of year)

Retirements
(During year)

Balances

(End of year)

193

194

VoJaAULId WK

1,000’000

13,970
27,930
44,200
61,590
74,570
80,580
85,420
90,400
91,840
94,160
97,190
99,750
100,720
101,540

1,000,000

14,150
28,120
44,820
61,140
74,490
81,840
85,460
90,360
93,200
95,910
97,100
100,370
98,500
101,060

3,500
13,970
27,890
44,250
61,560
74,580
80,700
85,440
90,390
91,810
94,200
97,150
99,880

100,730
101,480

3,870
14,150
28,130
44,880
61,120
74,520
81,750
85,460
90,350

Fo St e Ro Vel

98,510
101,090

996,500
996,500
996,540
996,490
996,520
996,510
996,390
996,370
996,380
996,410
996,370
996,410
996,280
996,270
996,330

996,130
996,130
996,120
996,060
996,080
996,050
996,140
996,140
996,150
996,110
556,140
995,960
995,950
995,940
995,910
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Sample Year Additions

(Middle of year)

Retirements
(During year)

Balances
(End of year)

195 1 1,000,000 3,620 996,380
2 14,350 14,370 996,360
3 27,570 27,550 996,380
4 43,590 43,660 996,310
5 61,800 61,820 996,290
6 74,360 74,400 996,250
7 82,000 81,950 996,300
8 86,200 86,180 996,320
9 89,550 89,620 996,250

10 92,940 92,950 996,240
11 96,420 96,480 996,180
12 97,800 97,790 996,190
13 99,010 99,020 996,180
14 101,090 101,050 996,220
15 102,260 102,280 996,200
196 1 1,000,000 3,200 996,800
2 14,480 14,440 996,840
3 27,120 27,160 996,800
4 44,390 44,370 996,820
5 61,700 61,640 996,880
(3 75,940 75,980 996,840
7 81,450 81,530 996,760
8 86,950 87,000 996,710
9 90,070 90,120 996,660
10 92,820 92,740 996,740
11 2s,290 2g,290 996,740
12 97,980 97,970 996,750
13 100,170 100,240 996,680
14 99,550 - 99,600 996,630
15 101,750 101,720 996,660
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

197 1 1,000,000 3,650 996,350
2 14,200 14,200 996,350
3 28,440 28,430 996,360
4 43,910 43,960 996,310
5 62,170 62,140 996,340
6 73,960 74,000 996,300
7 81,470 81,540 996,230
8 86,720 86,710 996,240
9 88,250 88,290 996,200

10 93,790 93,810 996,180
11 96,370 96,390 996,160
12 97,190 97,180 996,170
13 98,320 98,370 996,120
14 100,990 101,030 996,080
15 99,700 99,750 996,030

198 1 1,000,000 3,570 996,430
2 14,880 14,880 996,430
3 29,730 92,340 996,460
4 43,990 43,980 996,470
5 62,440 62,440 996,470
6 75,070 74,970 556,570
7 82,700 82,660 996,610
8 86,610 86,620 996,600
9 89,450 89,430 996,620

10 92,910 93,010 996,520
11 96,850 ag,740 22g,63¢
12 98,020 98,020 996,630
13 99,070 99,160 996,540
14 100,390 100,310 996,620

15 101,130 101,240 996,510
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Sample Year Additions Retirements Balances
(Middle of year) (During year) (End of year)

199 1 1,000 3,590 996,410
2 14,750 14,700 996,460
3 28,270 28,230 996,500
4 44,880 44,890 996,490
5 61,350 61,400 996,440
6 75,210 75,190 996,460
7 82,900 82,970 996,390
8 86,880 86,890 996,380
9 89,200 89,280 996,300

10 93,690 93,740 996,250
11 95,360 95,320 996,290
12 97,460 97,480 996,270
13 99,040 98,930 996,380
14 98,870 98,950 996,300
15 102,660 102,620 996,340

200 1 1,000,000 3,760 996,240
2 15,050 15,050 996,240
3. 27,770 27,780 996,230
4 44,930 45,020 996,140
5 61,820 61,720 996,240
6 74,580 74,580 956,240
7 82,600 82,680 996,160
8 85,510 85,390 996,280
9 87,700 87,690 996,290

10 95,110 95,250 996,150
11 95700 2g,¢€7¢ 296,180
12 98,100 98,100 996,180
13 101,810 101,890 996,100
14 99,890 99,880 996,110

15 99,710 99,710 996,110
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